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Abstract We discuss the relationships between some classical representations of the 
fractional Brownian motion, as a stochastic integral with respect to a standard Brow- 
nian motion, or as a series of functions with independent Gaussian coefficients. The 
basic notions of fractional calculus which are needed for the study are introduced. 
As an application, we also prove some properties of the Cameron-Martin space of 
the fractional Brownian motion, and compare its law with the law of some of its 
variants. Several of the results which are given here are not new; our aim is to pro- 
vide a unified treatment of some previous literature, and to give alternative proofs 
and additional results; we also try to be as self-contained as possible. 



1 Introduction 

Consider a fractional Brownian motion {B^;t e K) with Hurst parameter Q <H < I. 
These processes appeared in 1940 in [24], and they generalise the case H = 1/2 
which is the standard Brownian motion. A huge literature has been devoted to them 
since the late 60's. They are often used to model systems involving Gaussian noise, 
but which are not correctly explained with a standard Brownian motion. Our aim 
here is to give a few basic results about them, and in particular to explain how all of 
them can be deduced from a standard Brownian motion. 

The process is a centred Gaussian process which has stationary increments 
and is //-self-similar; these two conditions can be written as 

<,o-<^<> <^A«Bf (1) 
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for ?o S M and A > 0, where the notation Z/ ~ 7^ means that the two processes 
have the same finite dimensional distributions. We can deduce from (1) that B^, and 
fif have the same variance, that this variance is proportional to |/|^^, and that the 
covariance kernel of must be of the form 



1. 



'^\\^r+\tr-\t-sv') (2) 

for a positive parameter p = E[(fij^)-^] (we always assume that p ^ 0). The process 
has a continuous modification (we always choose this modification), and its law 
is characterised by the two parameters p and H; however, the important parameter 
is H, and p is easily modified by multiplying by a constant. In this article, it will 
be convenient to suppose p = p{H) given in (51); this choice corresponds to the 
representation of B^ given in (6). We also consider the restriction of B^ to intervals 
of M such as R+, M- or [0, 1]. 

Notice that the fractional Brownian motion also exists ioxH = \ and satisfies 
B\ = tB\; this is however a very particular process which is excluded from our 
study (with our choice of p(//) we have p(l) = °a). 

1 II 

The standard Brownian motion W; = is the process corresponding to H = 
1/2 and p = p(l/2) = 1. It is often useful to represent for < // < 1 as a 
linear functional of W; this means that one looks for a kernel K^{t,s) such that the 
Wiener-lto integral 

B" = J K"{t,s)dW, (3) 

is a //-fractional Brownian motion. More generally, considering the family {B^ ; < 
H <l) defined by (3), we would like to find K-''" so that 

B^ = jK''"{t,s)dBi. (4) 

In this case however, we have to give a sense to the integral; the process is a 
Gaussian process but is not a semimartingale for J 1/2, so we cannot consider Ito 
integration. In order to solve this issue, we approximate B^ with smooth functions 
for which the Lebesgue-Stieltjes integral can be defined, and then verify that we can 
pass to the limit in an adequate functional space in which B^ Uves almost surely. 
Alternatively, it is also possible to use integration by parts. 

The case where K-''" is a Volterra kernel {K'''^ {t,s) = if i > ?) is of particular 
interest; in this case, the completed filtrations of B^ and of the increments of B^ 
satisfy ^t{B") C ■^,{dB-'), with the notation 

^,{X) = a{Xs\s<t), ^,{dX) = o{Xs-Xu,u<s<t). (5) 
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Notice that when the time interval is M+, then (dB-') = .^t (B-') (because = 0), 
but this is false for f < when the time interval is M or M_ . When {B^) = {B-'), 
we say that the representation (4) is canonical; actually, we extend here a terminol- 
ogy, introduced by [25] (see [16]), which classically describes representations with 
respect to processes with independent increments (so here the representation (3)); 
such a canonical representation is in some sense unique. 

Another purpose of this article is to compare with two other famiUes of pro- 
cesses with similar properties and which are easier to handle in some situations: 

• The so-called Riemann-Liouville processes on R+ (they are also sometimes 
called type II fractional Brownian motions, see [27]), are deduced from the 
standard Brownian motion by applying Riemann-Liouville fractional operators, 
whereas, as we shall recall it, the genuine fractional Brownian motion requires a 
weighted fractional operator. 

• We shall also consider here some processes defined by means of a Fourier- 
Wiener series on a finite time interval; they are easy to handle in Fourier analysis, 
whereas the Fourier coefficients of the genuine fractional Brownian motion do 
not satisfy good independence properties. 

We shall prove that the Cameron-Martin spaces of all these processes are equivalent, 
and we shall compare their laws; more precisely, it is known from [10, 15, 16] that 
two Gaussian measures are either equivalent, or mutually singular, and we shall 
decide between these two possibilities. 

Let us now describe the contents of this article. Notations and definitions which 
are used throughout the article are given in Section 2; we also give in this section 
a short review of fractional calculus, in particular Riemann-Liouville operators and 
some of their modifications which are important for our study; we introduce some 
functional spaces of Holder continuous functions; much more results can be found 
in [35]. In Section 3, we give some resuts concerning the time inversion {t^\ jt) 
of Gaussian self-similar processes. 

We enter the main topic in Section 4. Our first aim is to explore the relationship 
between two classical representations of B^ with respect to W, namely the repre- 
sentation of [26], 

on R (with the notation u\~u^\ {„>o}), and the canonical representation on R+ ob- 
tained in [30, 29], see also [8, 32] (this is a representation of type (3) for a Volterra 
kernel , and such that W and B^ generate the same filtration). Let us explain the 
idea by means of which this relationship can be obtained; in the canonical represen- 
tation on R-I-, we want B^ to depend on past values W^, * < or equivalently, we 
want the infinitesimal increment dB^ to depend on past increments dWs, s <t.\n 
(6), values of B^ for f > involve values of for all — oo <s<t, so this is not 
convenient for a study on M+. However, we can reverse the time (t ^ —t) and use 
the backward representation 
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r{H + 1/2) h 




M-1 



on K+. Now the value of B, involves the whole path of W on M-|-, but we can no- 
tice that the infinitesimal increment dB^ only involves future increments dWs, s > t. 
Thus dB^{l /t) depends on past increments dW{l/s), s < t. We can then conclude 
by applying the invariance of fractional Brownian motions by time inversion which 
has been proved in Section 3. This argument is justified in [29] by using the gener- 
alised processes dBf j dt, but we shall avoid the explicit use of these processes here. 
This technique can be used to work out a general relationship of type (4) between 
B^ and B'^ for any <J,H < 1, see Theorem 4.3 (such a relation was obtained by 



Application of time inversion techniques also enables us to deduce in Theorem 
4.14 a canonical representation on R_, and to obtain in Theorem 4.20 some non 
canonical representations of B^ with respect to itself, extending the classical case 
H =1 /2; these representations are also considered by [21]. 

Representations of type (3) or (4) can be appUed to descriptions of the Cameron- 
Martin spaces J^H of the fractional Brownian motions B^ ; these spaces are Hilbert 
spaces which characterise the laws of centred Gaussian processes (see Appendix C). 
The space ,y^i /2 is the classical space of absolutely continuous functions h such that 
h{0) = and the derivative D^h is square integrable, and (3) implies that Jifn is the 
space of functions of the form 



for square integrable functions /. 

Sections 5 and 6 are devoted to the comparison of B^ with two processes. One of 
them is self-similar but has only asymptotically stationary increments in large time, 
and the other one has stationary increments, but is only asymptotically self-similar 
in small time. 



In Section 5, we consider on M+ the so-called Riemann-Liouville process defined 
for//>Oby 



This process is //-self- similar but does not have stationary increments; contrary to 
B^ , the parameter H can be larger than 1. The Cameron-Martin space Jf^ of is 
the space of functions 



for square integrable functions /. We explain in Theorem 5.4 a result of [35], see 
[8], stating that and ,9if/i are equivalent for < // < 1 (they are the same set 
with equivalent norms). We also compare the paths of B^ and X'^, and in particular 
study the equivalence or mutual singularity of the laws of these processes (Theorem 



[20]). 






Representation fomulae for the fractional Brownian motion 



5 



5.8); it appears that these two processes can be discriminated by looking at their 
behaviour in small (or large) time. As an application, we also estimate the mutual 
information of increments of on disjoint time intervals (more results of this type 
can be found in [31]). 

Another classical representation of the fractional Brownian motion on M is its 
spectral representation which can be written in the form 

= ^ j^'" s-^l^-" {^{co%{st)-\)dWj +^.m{st)dwf), (7) 

where and W^, ? > 0, are two independent standard Brownian motions; it is 
indeed not difficult to check that the right-hand side is Gaussian, centred, H-self- 
similar with stationary increments, and 1 / ^/n is the constant for which this process 
has the same variance as (6) (see Appendix B). If now we are interested in B^ on 
a bounded interval, say [0, 1], we look for its Fourier coefficients. Thus the aim 
of Section 6 is to study the relationship between B^ on [0, 1] and some series of 
trigonometric functions with independent Gaussian coefficients. More precisely, the 
standard Brownian motion can be defined on [0, 1] by series such as 



W, = t^ + V2Z + ^;^^) , (8) 



or 



1^. = L (^„ cos((2»+l).0-l ^ ^;!i^f!i±lM) , (9) 

^.=^^K rf:i^ , (.0, 

«>o (« + l/2)7r 



where ^'^ are independent standard Gaussian variables. The form (10) is the 
Karhunen-Loeve expansion; it provides the orthonormal basis v^sin ((n + 1 /2)%t) 
of L^([0,1]), such that the expansion of W; on this basis consists of independent 
terms; it is a consequence of (9) which can be written on [—1/2, 1/2], and of the 
property 

W,:^^/2W„2:^W,|2-W_t,2. 

It is not possible to write on [0, 1] the analogues of these formulae for B^ , H ^ 1/2, 
but it is possible (Theorem 6.1) to write B^ on [0, 1] as 

Bf = a^^t+ £ fl^ ({cos{Knt) - l)^„ + sin(;rnOln) (H) 

n>l 

with Y.{Cn)^ < °°- This result was proved in [18] when H < 1/2, and the case 
H > 1/2 was studied in [17] with an approximation method. Formula (11) is not 
completely analogous to (8), (9) or (10); contrary to these expansions of W, the a- 
algebra generated by B^ in ( 11 ) is strictly smaller than the c-algebra of the sequence 
{^n,^n)\ in Other words, the right hand side of (1 1) involves an extra information not 
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contained in B", and this is a drawback for some questions. This is why we define 
for // > a process 

which is a direct generaUsation of (8), and a similar process fif which generaUses 
(9). It appears that for < < 1, these processes have local properties similar to 

, and we can prove that their Cameron-Martin spaces are equivalent to Jiifu (The- 
orem 6.9). As an application, we obtain Riesz bases of .^h, and show that functions 
of can be characterised on [0, 1] by means of their Fourier coefficients. We then 
study the equivalence or mutual singularity of the laws of and B^ , B (Theorem 
6.13). We also discuss the extension of (10) which has been proposed in [11]. In 
Theorem 6.17, we recover a result of [4, 37] which solves the following question: 
if we observe a path of a process, can we say whether it is a pure fractional Brow- 
nian motion B'' , or whether this process B^ has been corrupted by an independent 
fractional Brownian motion of different index HI 

Technical results which are required in our study are given in the three appen- 
dices: 

• a lemma about some continuous endomorphisms of the standard Cameron- 
Martin space (Appendix A); 

• the computation of the variance of fractional Brownian motions (Appendix B); 

• results about the equivalence and mutual singularity of laws of Gaussian pro- 
cesses, and about their relative entropies, with in particular a short review of 
Cameron-Martin spaces (Appendix C). 

Notice that many aspects concerning the fractional Brownian motion B^ are not 
considered in this work. Concerning the representations, it is possible to expand 
B^ on a wavelet basis; we do not consider this question to which several works 
have been devoted, see for instance [28]. We also do not study stochastic differen- 
tial equations driven by B^ (which can be solved by means of the theory of rough 
paths, see [6]), or the simulation of fractional Brownian paths. On the other hand, 
fractional Brownian motions have applications in many scientific fields, and we do 
not describe any of them. 



2 Fractional calculus 

Let us first give some notations. AH random variables and processes are supposed 
to be defined on a probability space (i2,=^,P) and the expectation is denoted by 
E; processes are always supposed to be measurable functions E : [t, a) ^ S,{(o), 
where f is in a subset of R endowed with its Borel (7-algebra; the CT-algebra gener- 
ated by S is denoted by C7(S), and for the filtrations we use the notation (5). The 
derivative of order n of / is denoted by £)"/; the function is said to be smooth if 
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it is C°°. The function /i is said to be dominated by /2 if |/i | < C/2. The notation 

u„ X v„ means that v„/m„ is between two positive constants. We say that two Hilbert 
spaces Jif and Jf' are equivalent (and write J(f ~ Jf') if they are the same set and 

Ci\\h\U<\\h\U,<C2\\h\U (12) 

for some positive Ci and C2; this means that the two spaces are continuously em- 
bedded into each other. We often use the classical function F defined on C\Z_, 
and in particular the property r{z+i) — zr{z). 

We now describe the functional spaces, fractional integrals and derivatives which 
are used in this work; see [35] for a much more complete study of the fractional 
calculus. These functional spaces are weighted Holder spaces which are convenient 
for the study of the fractional Brownian motion. The results are certainly not stated 
in their full generahty, but are adapted to our future needs. 



2.1 Functional spaces 

The main property which is involved in our study is the Holder continuity, but func- 
tions will often exhibit a different behaviour near time and for large times. More 
precisely, on the time interval R* , let H'^'^'^ for < J3 < 1 and 7, 5 real, be the 
Banach space of real functions / such that 

is finite, with the notation 

t'^'^=t'i{t<n+^^h'>n- (14) 

Thus functions of this space are locally Holder continuous with index j3 , and pa- 
rameters 7 and 5 make more precise the behaviour at and at infinity. If /3 + 7 > 0, 
the function / can be extended by continuity at by /(O) = hmo / = 0. If 7 > and 
5 > and if we consider functions / such that hmo/ = 0, then the second term of 
(13) dominates the first one (let s decrease to 0). 

Remark 2.1. Define 

' (i!)r! V»)l ■ 2- < . < > < 2"'. . . z} . 

Then this semi-norm is equivalent to the second term in (13); in particular, if 7 > 
and 5 > 0, then || . Wp^^s and || . ^ 5 are equivalent on the space of functions / such 
that limo / = 0. It is indeed easy to see that 1 1 • 1 1 ^ 5 is dominated by the second term 
of (13). For the inverse estimation, notice that upper bounds for \ f{t) — f{s) \ can be 
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obtained by adding the increments of / on the dyadic intervals [2", 2"+'] intersecting 
[s,t]. More precisely, if 2*"! < 5 < 2^ < 2" < r < 2"+\ then 



k-l<j<n ^j=k ^ 

<C\\f\\'o^s sup u^'Hl-P-l^^ + il^-sf + it-l'^f) 

s<u<t ^ ' 

<3C||/||^_^_5 sup u''^\t-sf 



s<u<t 

because 2"P - 2^^ < (2« - 2*)^ < - 5)^ . 

In particular, one can deduce from Remark 2.1 that H^'^'^ is continuously em- 
bedded into H^-^'l'+^'^+^ for < e < /3. 

Theorem 2.2. The map (fiji) H- /1/2 w continuous from H^-W'^i x H^'l^-* mio 
]g[/3,j3+n+K,j3+5i+52_ 

Proof. This is a bilinear map, so it is sufficient to prove that the image of a bounded 
subset is bounded. If /i and /2 are bounded in their respective Holder spaces, it is 
easy to deduce that /i (0/2(0 is dominated by 0t'^i+ri'^i+^. On the other hand, 
following Remark 2.1, we verify that for 2" < i < r < 2"+^, 

1/1(0/2(0 -/l(^)/2(^)| < |/l(^)| 1/2(0 -/2(*)| + 1/2(01 |/l(0-/l(^)| 

<C'(2")'^(2")^''^' (2")''2'^(f-s)'^. 
The theorem is therefore proved. □ 
Let us define 



1,0,0 



These spaces can be used for functions defined on a finite time interval [0,T], since 
in this case the parameter 5 is unimportant. For functions defined on M* , we say that 
/ is in H'^ ''^^ if f h- /(— is in it, and for functions defined on a general interval 
of M, we assume that the restrictions to and K* are in H'^''''^. For 7 = 0, the 
regularity at time is similar to other times, so spaces H^'*''^ are invariant by the 
time shifts / n- /(. +fo) — /(fo)- If we consider a time interval of type [l,-|-oo), then 
the parameter 7 can be omitted and we denote the space by H'^ 
We use the notations 

e>0 e>0 e>0 

They are Frechet spaces. 
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Example 2.3. If is a //-fractional Brownian motion on the time interval [0,1], the 
probability of the event {B^ € } is 1 if j3 < // (this follows from the Kolmogorov 
continuity theorem). In particular, B^ lives almost surely in H^^. We shall see in 
Remark 3.2 that this implies that on the time interval M.+, the process B^ lives in 

ieiff-,o,o+_ 

The parameters 7 and 5 can be modified by means of some multiplication oper- 
ators. More precisely, on M^, define 

n"f{t) = t"f{t), n"i''^f{t) = (1 +t)"^-"^f{t). (16) 

Theorem 2.4. The operator n^'^ '^^ maps continuously M^''^^^ m;oH^'l'+«i '^+"2. /„ 
particular, on the time interval (0, 1], the operator IT" maps continuously H^''' into 

Proof. The quantity |/« - s«|(f - .?)"'^f'^"" is bounded for 2" < s < / < 2"+', and 
the bound does not depend on n (use the scaling). Thus it follows from Remark 2.1 
that the function? f" is in M^-"-^^-"'^^ . The same property implies that (1 +f)" — 
(1+s)" is dominated by {l+t)"^^{t—s)^ (with the same assumptions on s and /)> 
and we can deduce that ? (1 -|-?)"isinH^ (thecoefficient — /3 is due to the 

fact that the function tends to 1 at 0). We deduce from Theorem 2.2 that the function 
(-^ j^t^i-ai jjj EI^.ai-/5,a2-/3 'TjjgQpgj.jjjQj. jjai.az the multiplication by this 

function, and the result follows by again applying Theorem 2.2. □ 

It is then possible to deduce a density result for the spaces of (15) (the result 
is false with j3 instead of j3— ). Fractional polynomials are linear combinations of 
monomials f a e M, and these monomials are in H/^'''on(0,l]if a>j3+7. 

Theorem 2.5. Lef < /3 < 1. 

• On (0, 1], fractional polynomials (belonging to EI^~'^J are dense in H'^"'^. 

• On M* , smooth functions with compact support are dense in H^^'l''^+. 

Proof. Let us consider separately the two statements. 

Study on (0, 1]. The problem can be reduced to the case 7 = with Theorem 2.4, 
and functions / of H^^ are continuous on the closed interval [0, 1] with /(O) = 0. 
If / is in H''^'^ (for e small), it can be approximated by classical polynomials /„ by 
means of the Stone- Weierstrass theorem; more precisely, if we choose the Bernstein 
approximations E/ ( i J^"^ J 1{£/^<a:}) for independent uniformly distributed variables 
Uj in [0, 1], then /„ is bounded in and converges uniformly to /. Thus 

\m-fn{s)-f{t)+f{s)\ 

< C{\fn{t)-fn{st^-^'^l^^-'^ + m-f{s)\^^-^'^l^^-'^) 

SUp|/„(«)-/(M)|^/(^-^) 
u 

<C'(f-,)/^-2-sup|/„(M)-/(«)r/«5-^). (17) 

u 
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These inequalities can also be written for i = to estimate —/(f) I' so /„ 
converges to / in M.^~^^. 

Study on R^^. The technique is similar. By means of TI"''"^, we can reduce the 
study to the case 7=0 and -2j3 < 5 < -j3. Let / be in 11'^"''^'^+ and let us fix a 
small e > 0; then / is in n^-e.o.5+2e. jjj particular, it tends to at and at infinity. 
A standard procedure enables to approximate it uniformly by smooth functions /« 
with compact support, such that /„ is bounded in JiP-^fl,s+2e.^ jq ^^ds end, we first 
multiply / by the function (})„ supported by [2""^', 2"+'], taking the value 1 on 
[2-«,2"], and which is affine on j2-''-^2-"] and on [2", 2"+']; then we take the 
convolution of with 2"+-^ i/A(2"+^f ) for a smooth function \j/ supported by [— 1 , 1] 
and with integral 1. By proceeding as in (17), we can see that 

\fn{t)-fn{s)-f{t)+f{s)\ 

<C{t-sf~^' sup {u''^+^'f-^'^^^^-'\up\f„{u)-f{ur/(P-'^ 

s<u<t u 

so/„ converges to / in H^-2e''''^+'*^ because (5 + 2e)(/3 -2e)/(/3 -e) < 5 + 4e 
for e small enough. □ 



2.2 Riemann-Liouville operators 

An important tool for the stochastic calculus of fractional Brownian motions is 
the fractional calculus obtained from the study of Riemann-Liouville operators 
These operators can be defined for any real index a (and even for complex indices), 
but we will mainly focus on the case | a| < 1 . 



2.2.1 Operators with iuiite horizon 

The fractional integral operators (Riemann-Liouville operators) are defined for 
T e M and a > by 

i?+m = ^ J\t-sr-'fis)ds, itm = 

(18) 

respectively for t > x and f < t. These integrals are well defined for instance if 
/ is locally bounded on [t,-\-oo) or (— oo,t), and is integrable near T. If / is inte- 
grable, they are defined almost everywhere, and is a continuous endomorphism 
of ( [t, r] ) or ( [T, t] ) . These operators satisfy the semigroup property 

ITjT±=iT'^ (19) 



(20) 
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which can be proved from the relation between Beta and Gamma functions recalled 
in (95). If a is an integer, we get iterated integrals; in particular, l\^f is ± the 
primitive of / taking value at T. Notice that relations (18) can also be written as 

If / is Lipschitz with /(t) = 0, an integration by parts shows that 

(21) 

For a = 0, the operators are by definition the identity (this is coherent with 

(21) ). The study of the operators I"^ can be reduced to the study of /q^, since the 
other cases can be deduced by means of an affine change of time. 

Example 2.6. The value of I^j^ on fractional polynomials can be obtained from 

lr(j3 + l)J = r(a + j3 + l) ^^^^ 

which is vaUd for J3 > — 1 . 

Riemann-Liouville operators can also be defined for negative exponents, and are 
called fractional derivatives. Here we restrict ourselves to — 1 < a < 0, and in this 
case the derivative of order —a is defined by 

I«+f = D'll+"f, lU = -D'l\t''f (23) 

if 7^2"/ is absolutely continuous, for the differentiation operator . The relation 

(22) is easily extended to negative a (with result Oifa + j3 + l=0). Fractional 
derivatives operate on smooth functions, and we have the following result. 

Theorem 2.7. Suppose that f is smooth and integrable on (0, 1]. Then, for any a > 
— 1. ^0+/ ^^'^ defined, is smooth on (0, 1], and 



<Ca{t"~^ f'^\f{s)\ds + t"-^ sup |/|+?« sup \D^f\+t"+^ sup 



(24) 

//DV is integrable and Umo/ = 0, then D^l^^f = Iq+D^/- 

Proof. First suppose a > 0. Then, for J > m > 0, we can write (18) in the form 
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lS+m=r{a)-'(^j"^{t-sr-'f{s)ds + j'^'\^-'f{t-s)ds). (25) 
This expression is smooth, and 

Z)i/oV(0=r(a)-i((a-l) (\t-sr-^f{s)ds 

rt-u . (26) 

+ s"-^D^f{t-s)ds + {t-uf-^f{u)y 

In particular, by letting m = //2, we obtain (24) without the D^f term. Moreover, if 
D^f is integrable and Umo/ = 0, we see by writing 

(t-u)"-^f(u) = -(a-l) l\t-sY-^f{s)ds+ r(t-s)"-^D^f(s)ds 

Jo Jo 



that 

DX+m = r(a)-i [j'~\"-'D'f{t - s)ds + j\t - sr-'D'f{s)ds) 

(apply (25) with / replaced by D^f). Let us now consider the case — 1 < a < 0; we 
use the definition (23) of the fractional derivative, and in particular deduce thatlQ_^f 
is again smooth. Moreover, from (26), 

DX+m=DXfm 

= r(a + 1)-' (a(a -^)J\t- s)''-^f{s)ds + {t- u)''D^f{u) 
+ j'^ " s^D^fit - s)ds + a{t- m)"- • 
We deduce (24) by letting again u = t/2. If limo/ = and D^f is integrable, then 

from the definition (23) and the property for a + 1 which has already been proved. 

□ 

For — 1 < a < 0, a study of (20) shows that is defined as soon as / is 
Holder continuous with index greater than —a, and that (20) again holds true. If / 
is Lipschitz and /(t) = 0, then we can write 

= ±D'll+"f = D'll+"ll^D'f = Dhljlt"D'f = ±llt''D'f 

where we have used (19) in the third equality, so (21) again holds true. Thus re- 
lations (20) and (21) can be used for any a > — 1 (a ^ for (20)). By using the 
multipUcation operators IT" defined in (16), we can deduce from (20) a formula for 
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weighted fractional operators; if / is smooth with compact support in M^, then 

n-ri-^nr/it) =i»^fit) + j;^j\t-sr-'(C-y- l)fis)ds (27) 

for a > -1, a 7^ 0. 

Here are some results about /"^ related to the functional spaces of Subsection 
2.1. They can easily be translated into properties of see also [35, 32]. 

Theorem 2.8. Consider the time interval (0, 1] and letY> — 

• IfP and P + a are in (0, 1), then the operator 1^^ maps continuously M.^''^ into 

• The composition rule /o+^oi ~ ^0+^°^ holds on H^'^ provided J3, /3 + tti and 
/3 + ai + a2 are in (0, 1). 

Proof. Let us prove the first statement. Let / be in H^'^. The property I^^f{t) = 
Q^fa+ji+y-^ can be deduced from (20) and (22). By applying Remark 2.1, it is then 
sufficient to compare /^/ at times s and / for 2" < s < / < 2"+\ n <0. Consider 
the time v={3s- 1) /2, so that 2"~'^ <s/2<v <s < 2"+^. By again applying (20), 
we have 



with 



^Tla)f^^'~ "^""'^ ^^^"^ ~ 



Av,w= / {w-ur-\f{u)-f{w))du = 0{{vy + wy){w-vf+^). 

Jv 

We deduce that 

lo+m /o+/(.)- ^(^^j^ + ^^^^ r(a + l)^' ^28) 

The second and third terms are easily shown to be dominated by 2"^{t — . The 
first term is dominated by 



sup u"-\t-s)sP+^<C2"^{t-sy 

s<u<t 



The last term is dominated by 
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J^{{s - m)«-i -(t- m)«-1) (s - u)P {u^ + s'y)du 
<{l-a){t- s) j\s - u)"+^-^{u'^ + s'^)du 

< C{t - s) (2"1'(i - v)«+^-i + j'\s - u)"+l^-\u^ + s^)duj 
<C'2"^{t-s)"+P 

because 5' — v= (f — .s')/2 and the integral on [0,^/2] is proportional to < 
^2«(a+P+r-i) < c2"^(^t - s)"+!^-\ Thus the continuity of /^^ is proved. For the 
composition rule, it is easily verified for monomials /(?) = (apply (22)), and is 
then extended by density to the space H'^^ '' from Theorem 2.5. By applying this 
property to a shghtly larger value of j3, it appears that the composition rule actually 
holds on e'^'l'. □ 

Notice that fractional monomials t'^ are eigenfunctions of FI^'^I^j^ and lQ^n~" 
when they are in the domains of definitions of these operators, so when K is large 
enough. This implies that these operators commute on fractional polynomials. This 
property is then extended to other functions by density. In particular, 

/o«2i7-«i-«%«| = i7-«i/o"|+«2i7-«2, (29) 

see (10.6) in [35]. 



2.2.2 Operators with infinite horizon 

The operators /" are defined by letting t ^ =F°° in However, we will be more 
interested in the modified operators 

T— >=|=oo ^ 

when the limit exists. For a > 0, we can write 

where we use the notation = 'i^^{u>0}- These integrals are well defined if f{t) 
is dominated by (1 + |f |)^ for 5 < 1 — a (there are also cases where the integrals 
are only semi-convergent). In particular, the fractional integrals are generally not 
defined for large values of a, as it was the case for I"^. We are going to study /" on 
the functional spaces H^'*^-^. 
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Remark 2.9. The operator 7" is a normalisation of 7" in the sense that it can be 
defined in more cases than 7"/. For instance, for a > 0, if we compare 7"/ and 7"/ 
on M* for f{s) ~ s^, we see that the former one is defined for 5 <—a, whereas the 
latter one is defined for 8 < I — a. 

Let us now consider the case — 1 < a < 0; we can let T tend to infinity in (20) 
and obtain 

= T^TT / (it-s)r'{m~m) - {-s)»-'{m-m))ds, 
1 (31) 
mt) = Y{a)j {i^-t)V{m-m) -sr\f{s)-m))ds. 

This expression is defined on H'^ '^'^ provided j3 + a > and j3 + a + 5 < 1. 

Let a > — 1. Suppose that / is Lipschitz and has compact support, so that / is 
on (— °o, t], respectively [t, +°°). Then 7"/ = 7^/ on [t, +oo), respectively {—°°, t], 
so I±f{t) is equal to I"±f{t) — 7"±/(0), which can be expressed by means of (21). 
Thus 



(32) 



By applying Theorem 2.7, we see that if / is smooth with compact support, then 
7"/ is smooth and 

D^I^f = D^I^f = I^D^f. (33) 

Remark 2.10. If / = on M+ and if we look for 7^ / on R^, we see when a < 
that /(O) and f{t) disappear in (31), so (30) can be used on for both positive 
and negative a, and I"f is C°° on M* . 

Theorem 2.11. Consider the operators 7" and I" on the respective time intervals 
{-°°,T]forT> 0, and [T,+oo)forT < 0. Let 5>0. 

• The operator I" maps continuously M^''^'^ into 

^p+aAS provided /3, /3 + a and 

P + a + 5 are in (0,1)^ _ _ 

• ne composition rule = 7"'+*^ holds on MP'^^^ provided J3, J3 + ai, /3 + 
ai + 052, /3 + «! + 5 and P + ai + Oa + S are in (0, 1). 

Proof. It is of course sufficient to study 7". We prove separately the two statements. 

Continuity of I". We want to study the continuity on the time interval {—°°,T]; by 
means of a time shift, let us consider the time interval (— oo, — 1], and let us prove 
that if / is in H^-^, then the function hm^^_oo(7«+/(f ) - I?+f{- 1 )) is in H^+«' '^. 
From Remark 2.1, it is sufficient to estimate the increments of this function on 
intervals [s,t] C [—2"+', —2"] for n>0. Consider the proof of Theorem 2.8 where 
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is replaced by /"^, and let us estimate I"+f{t) — I?+f{s) for t — >■ — «>. We can 
write a formula similar to (28). The first term involves (f — t)" — (s — t)" which 
tends to as T — > — °o, so this first term vanishes. The second and third terms are 
dealt with similarly to Theorem 2.8; the only difference is that the weight 2"^ now 
becomes 2"^. The last term is an integral on (— «>, v) and is dominated by 

(t-s) r {s-u)"+l^-^\ufdu = {t-s) u"+l^-^{u-sfdu 

J-oo J{t-s)/2 

J {t-s) 

< C(t - s) ((f - + (f - |,|^) 

<2C(t-sY^^\s\^. 

Composition rule. If / is before some time to. then T^f(t) = l"^f{t) —7^/(0) 
for T < To A?. Thus 

with 

from Theorem 2.8. Thus 

The case of general functions is then deduced from the density of functions with 

compact support in mP^-^^^^ (Theorem 2.5); the proof on H^'"'^ is obtained as in 
Theorem 2.8 by increasing /3 and decreasing 5 slightly. □ 

In particular, we deduce from Theorem 2. 11 that /" is a homeomorphism from 
]g[P-,o,o+ onto B.^a+^)~fifi+ if j3 and a + J3 are in (0, 1), and 7±" is its inverse map. 

2.2.3 Operators for periodic functions 

Consider a bounded 1 -periodic function /. Let \a\ < 1; if a < 0, suppose moreover 
that / is in for some ji > —a. Then /" / is well defined and is given by (30) or 
(31); moreover, this function is also 1-periodic, and is at time 0; this follows from 

so that 
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1) -/,v(o) = (/r.-i)+/(o -/r.-i)+/(o)) + (/("._i)+/(o) -/f+/(o)). 

By letting T — )• — 1», one easily checks that the second part tends to 0, so Iff{t + 1) = 

The following example explains the action of /" on trigonometric functions. 

Example 2. 12. Let us compute /" on the family of complex functions <^r{t) = e"* — 1 
for r > 0. Suppose < a < 1. The formula 

Jo Jo 

is valid for u > and can be extended to complex numbers with positive real part. 
One can also write it for u ^ ^ir, r > 0, and we obtain 



Jo 



(34) 



where the integral is only semi-convergent. Thus we obtain the classical formula 
(see Section 7 of [35]) 



•(«) 

Jrt 



/"(l -cos(rf)) =r "(^cos(a;r/2)-cos(rf-a7r/2) 
7" sin(rt) = r'" ^sin(a;r/2) + sin(r/ - an/2) 



r{a) Jo 

We deduce that I"^r = r~"e~'"^^^^n and this relation is extended to negative a 
since the operators of exponents a and — a are the inverse of each other (Theorem 
2.11). In particular, 



(35) 



Remark 2.13. We can similarly study /" which multipUes by r "'e'"^/'^; conse- 
quently, the two-sided operator (/^ -|-/^)/(2cos(a;r/2)) multiplies by r~". 

Let us now define two modifications /" and 7" of /" which will be useful for the 
study of the fractional Brownian motion on [0, 1]. Consider a bounded function / 
defined on the time interval [0, 1] and such that /(O) = 0. If a < 0, suppose again 
that / is in H'^ for some j3 > — a. Let ^(f ) be the 1 -periodic function coinciding on 
[0, 1] with f{t) - f /(I). We now define on [0, 1] 

^m=tf{l)+I^g{t). (36) 

Thus /" satisfies the formulae (35) for r = Inn, and we decide arbitrarily that = 
t. On the other hand, let h be the function with 1-antiperiodic increments, so that 
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hil +t)-h(l +s) ^ -h{t)+h{s), 
and coinciding with / on [0, 1]. We define 

ilm=T^h{t). (37) 

Then 7" satisfies (35) for r — (2n +l)7t. 

It is clear that /^^/^' = /^i+"2 satisfied on H'^ as soon as j3, j3 + ai and 
J3 + «! + are in (0, 1), and the same property is valid for 7" (apply Theorem 
2.11). Actually, these composition rules can be used to extend the two operators to 
arbitrarily large values of a. Moreover, /" and 7" are homeomorphisms from 

onto ]Hl'^+" if j3 and j3 + a are in (0, 1), and their inverse maps are and 7_,_". 



2.3 Some other operators 

Let us describe the other operators which are used in this work. The multiphcation 
operator 17", a e K, has already been defined in (16) on M* , and let us complement 
it with 

n"f{t)=4+n«D'f{t) = ['s"df{s)=t»m-a f s''-'f{s)ds (38) 

Jq Jo 

for / smooth with compact support. In the last form, we see that iT"/ can be defined 
as soon as t"^^f{t) is integrable on any [0, T], so on H'^'^'^ if a + /3 + 7 > 0. 

On the other hand, let us define for a e M the time inversion operators Ta and 7"^ 
on M* by 

Tam=t^"f{l/t) (39) 

and 

ft poo 

Km = -ll+Ta-iD'm = - / s'^-^D'f{l/s)ds = - / s-^»df{s) 

Jo Ji/t 

= t^^fil/t) - 2a r s-^''-^f{s)ds (40) 
Ji/t 

and the last form can be used if t^^'^^^f{t) is integrable on any [T,oo^, so in partic- 
ular on H^^'^'^ if 2a > J3 -(- 5. Actually, the form of Ta and a comparison of (40) and 
(38) show that 

Ta = n^"To = 7bn-2", Ta = U^^Tq. (41) 
Notice that Ta and Ta are involutions, so that 

TaT;,m =/(0 -2a/2« j^°°,-2a-Y(,)^, (42) 
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and 

~ r' 
Tl^Tafit) = n^"n-^"f{t) =m-2a f{s) - (43) 

Jo s 

are the inverse transformation of each other. 

Theorem 2.14. Let < /3 < 1 and consider the time interval M^. 

• The operator fl" maps continuously H.P'^'^ into uP'r+a,5+a ,y-j3 _^ > q and 
l3 + 5 + a>0.It satisfies the composition rule n'^n"^ = n"i+'^ on H^'l''^ if 
j3 + 7+ «! > and j3 + 7+ ai + a2 > 0. 

• The operator Ta maps continuously H^^-^-^ into H'^ -5+2(a-i3),-y+2(a-/3)_ jjr 
moreover 2a > (5 + 5 and 2a > /3 + 7, the operator satisfies the same prop- 
erty. 

Proof. We prove separately the two parts. 

Study ofn". The continuity on H^'^'^ is proved by noticing 

|i7«/(0| < |i7«/(0|+C f s''-^+l^s^'^ds<C't"+Pt^'^, 
'Jo 

\n"f{t)-n"f{s)\ < \n''f{t)-n"f{s)\+c J' u"+P-^u'^'^du 

<\n"f{t)-n"f{s)\+c'{t-sf sup m"m^'^ 

s<u<t 

and by applying Theorem 2.4. The composition rule is evident for smooth functions 
(use the first equality of (38)), and can be extended by density (the parameter 5 is 
unimportant since we only need the functions on bounded time intervals). 

Study ofTa and T^.lf f is in H^'^'^, then f{l/t) is dominated by t'^t'^'^, and if 
2" < i < f < 2"+\ 

\f{\/t)-f{\/s)\<c sup u-^'-''{\/s-\/tf Kdii'^y^'-h-i^t-^it-sf 

s<u<t 

<C"{2")-^-^P'-^-^P{t-s)P, 

so 7b/ : ? H> /(I /f ) is in -2^-5 -2/3-y j^^^ continuity of Ta and T^ is then a 
consequence of (41) and of the continuity of TI^" and 77^". □ 

Remark 2.15. We deduce in particular from Theorem 2. 14 that Ta and Ta are home- 
omorphisms from ]HI"~''''°+ into itself for < a < 1. We also deduce that TaT^, 
respectively T^Ta, is a continuous endomorphism of H'^'^'^ when 2a > /3 + 7 and 
2a > j3 + 5, respectively when j3 + 7 > and j3 + 5 > 0;^hen the four conditions 
are satisfied, they are the inverse of each other. The form jj2ajj-2a Qf T^^Ta can be 
used on a bounded time interval [0, T], and in this case we only need J3 + 7 > 0. 
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The time inversion operator To enables to write the relationship between /" and 

/"^ on M* . If a > and if / is a smooth function with compact support in M^, we 
deduce from the change of variables si-^ l/s that 

SO that 

7o/^7b = n^~"l^+n-^-". (44) 



3 Time inversion for self-similar processes 

We give here time inversion properties which are valid for any //-self- similar cen- 
tred Gaussian process {Et'J > 0), and not only for the fractional Brownian motion. 
Such a process must have a covariance kernel of the form 

C{s,t)=s"t"p{s/t) (45) 

where p(m) =p(1/m) and \p{u)\< p{l). It then follows immediately by comparing 
the covariance kernels that if Th is the time inversion operator defined in (39), then 
one has the equality in law ThE ~ S. Notice that this holds even when H is not 
positive. 

Remark 3.1. The Lamperti transform (see for instance [5]) 

{E{t);t>0)^{e-"'Eie'y,teR) (46) 

maps //-self-similar processes into stationary processes Z,. Then 7)/S ~ S is 
equivalent to the property Z_f ~ Zt which is valid for stationary Gaussian processes 
(invariance by time reversal). 

Remark 3.2. We have TrB^ ~ and can deduce properties of on [1 , -)-<») from 
its properties on [0, 1]. For instance, lives in H'^^ on [0, 1], and we can check 
from Theorem 2.14 that Th sends this space on [0, 1] into the space 11^^' '''+ on 
[1 , -hoo); thus B" Uves in 11^-''*''*+ on R+ (notation (15)). 

We now prove another time inversion property when H >0 (we do not assume 
H < 1). Assume provisionally that the paths of E are absolutely continuous; then its 
derivative /)'S is (//— 1) -self-similar, so Th-iD^E c^D^E and 

TliE = -II^Th-iD'E ~ -II+d'E = -Ec^E. 

In the general case (when E is not absolutely continuous), the same property can be 
proved with the theory of generalised processes (as said in [29]); we here avoid this 
theory. 
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Theorem 3.3. ForH > 0, let (S^; t> 0) be a H -self -similar centred Gaussian pro- 
cess, and consider the time inversion operators Th and T^. Then one has the equal- 
ities in law T^E :^ThE :^ E. 

Proof. As it has already been said in the beginning of this Subsection, T/^S ~ S is 
obtained by comparing the covariance kernels. Since E is //-self-similar, the norm 
of Et in L' {£2} is proportional to f^, so the variable Jj \Et\t^^^^^dt is in L^{D,) for 
any T > 0, and is therefore almost surely finite. Thus T^E is well defined. Moreover, 
T^E = T^ThThE ~ T^jThE, so let us compare the covariance kernels of E and 
TIjThE = n^"n-^"E given by (43). We have from (45) that 

rS ^c-i - rS „ . ... rS/T 



E 



I Es-] =T" I s"-'p{s/T)ds = T^" I u"-'p{u)du. 
Jo si Jo Jo 



Thus 



E 



T „dt_ 



s / 







rS/t 






Jo 


Jo ' 


1 




rS/T 


~ 2H 




10 


1 




rS/T 


~ 2H 




10 



u"~^p{u)dudt =— {TA- 



2H 



H-l 



p{u)du 



IS/T 
pT/S 



(we used p{l/u) = p{u) in the last equahty). We deduce from these two equations 
that 



E 



since the other terms cancel one another, so T^ThE has the same covariance kernel 
as E. □ 

Remark 3.4. Theorem 3.3 can be applied to the fractional Brownian motion . 
Moreover, the relations ~ ThB^ ^ TjjB^ can be extended to M* by defining 

THf{t) = \t\^"f{\/t), Tijf = Tll±TH-iD^f on Mi. 

Since also has stationary increments, we can deduce how the law of the gen- 
eraUsed process D^B^ is transformed under the time transformations ? i-^- (a? + 
fo)/(c? + J), see[29]. 

The law of the //-self-similar process E is therefore invariant by the transfor- 
mations TrT^ and T^Th = Tf-^U^^^ given by (42) and (43). We now introduce a 
generalisation Tp^z, of T^jTh, which was also studied in [21]. 



Theorem 3.5. On the time interval R+, for H >0 and L > 0, the operator 
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Th,l = n"~^T[TLn^-" = u"-LYfLjj-L-H (47^ 

is a continuous endomorphism o/H'^''''^ when < j3 < 1, and j3 +Yand j3 + 5 are 
greater than H — L; in particular, it is a continuous endomorphism o/H^~'*''''+ if 
< H < I. It is defined on a function f as soon as t^~^~^f{t) is integrable on any 
[0, T], and it satisfies 

TH,Lf{t) = fit) - 2Lt"-^ f f{s)s''-"-'ds. (48) 
Jo 

IfE is a H- self- similar centred Gaussian process, then Th^l^ has the same law as 

Proof. The continuity property of Tnj^ can be deduced from Theorem 2.14 and 
Remark 2.15. The representation (48) follows easily from (38) and the second form 
of Th^l in (47). Let S be a centred Gaussian 7/- self- similar process; then the L^- 
norm of Ef is proportional to t^, so Jq t^~^~^\Et\dt is integrable and therefore 
almost surely finite for any T >0. We deduce that Ty^iS is well defined; we have 

tITlU^-^e ~ n^-"E 

because TI^^^E is L- self- similar. By applying n"~^ to both sides we obtain 
Th,lE ~ S. □ 

Remark 3.6. In the non centred case, we have TfjE c^^ E and T^jE c:i Th^E ~ — S. 

We will resume our study of Th^ for self-similar processes in Subsection 4.4. 



4 Representations of fractional Brownian motions 

Starting from the classical representation of fractional Brownian motions on R de- 
scribed in Subsection 4.1, we study canonical representations on M+ (Subsection 
4.2) and M_ (Subsection 4.3). In Subsection 4.4, we also consider the non canonical 
representations on M.+ introduced in Theorem 3.5. 



4.1 A representation on M 

For 0<H < 1, the basic representation of a fractional Brownian motion is 

B^ = ^Ciit-s)l-'^'-i-s)l-'^yWs (49) 

for a positive parameter K, see [26]. It is not difficult to check that the integral of the 
right-hand side is Gaussian, centred, with stationary increments, and //-self- similar. 
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Thus is a fractional Brownian motion; its covariance is given by (2), and the 
variance p of B^ is proportional to K^; the precise relationship between p and K 
is given in Theorem B.l. Subsequently, we will consider the fractional Brownian 
motion corresponding to 

K=K{H) = \/r{H + \/2), (50) 

so that (following (96)) 

p=p(//) = -2^2!(^r(-2//), p(l/2) = l. (51) 

In particular, fi'/^ = W is the standard Brownian motion. This choice of k: is due 
to the following result, where we use the modified Riemann-Liouville operators of 
Subsection 2.2.2. 

Theorem 4.1. The family of processes {B"; <H <l) defined by (49) with (50) 
can be written as 

^jH- 1/2^ _ (52) 

More generally, 



B" =1^--'B^ (53) 



foranyO<J,H < 1. 



Proof. The formula (52) would hold true from (32) if W were Lipschitz with com- 
pact support; the operator /^"^/^ is continuous on H^/^~''''''+ (Theorem 2.11) in 
which W lives, and Lipschitz functions with compact support are dense in this space 
(Theorem 2.5); moreover, integration by parts shows that the stochastic integral in 
the right-hand side of (49) can also be computed by approximating W with smooth 
functions with compact support, so (52) holds almost surely. Then (53) follows from 
the composition rules for Riemann-Liouville operators (Theorem 2.11). □ 

We deduce in particular from (53) that (52) can be reversed (W = fi'/^), and 

w=iI!'-"b". 

Thus the increments of W and generate the same completed filtration, namely 
^,{dB") = ^t{dW) (with notation (5)). 

Remark 4.2. Relation (53) can be written by means of (30) (H >J)or (31) {H < J). 
It can be written more informally as 

where the integral is obtained by approximating by Lipschitz functions with 
compact support, and passing to the limit. 
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Relations (52) or (53) can be restricted to the time interval M- ; in order to know 
on we only need W on IR_, and vice-versa. On the other hand, they cannot 
be used on M_|_; in order to know B^ on M_|_, we have to know W on the whole real 
Une K. If we want a representation on R+, we can reverse the time {t ^ —t) for 
all the processes, so that the operators /+ are replaced by /_. We obtain on M-|- the 
backward representation 

= ^"'^<') = r(77iT72)i"('"-"^- <«) 

However, in this formula, if we want to know B^ at a single time t, we need W 
on the whole half-line M+; next subsection is devoted to a representation formula 
where we only need W on [0,?]. 



4.2 Canonical representation on M+ 

We shall here explain the derivation of the canonical representation of fractional 
Brownian motions on R-|- which was found by [30, 29], and the general relationship 
between B^ and B^ which was given in [20]. More precisely, we want the various 
processes (B^;0 < H < 1) to be deduced from one another, so that all of them 
generate the same filtration. 

As explained in the introduction, we start from the relation B^ = 71 '^^^W of 
(54) and apply the time inversion t'i-^\/t on the increments dWt and c/B^; this time 
inversion is made by means of the operators Tj'^j ™d defined in (39) (they are 
involutions), which preserve respectively the laws of W andB^ (Theorem 3.3). Thus 

B"c^{Tljr-'l\^)W. 

It appears that this is the canonical representation of B^ . We now make more expUcit 
this calculation, and generalise it to the comparison of and B-' for any J and H; 
starting from B^ = P^'^B-', we can show similarly that 

b" ~ {T^'F--'Tj)B' . (55) 

Theorem 4.3. On the time interval R+, the family of fractional Brownian motions 
B", <H <l, can be defined jointly so that B^ = Gq'^ B-' for 

Qjfl ^ fjH+J-ljH-Jfjl-H-J (5g) 

(see Section 2 for the definitions of I"^ and TI"). This family of operators satis- 
fies the composition rule Gq^G'q'^ = Gq^, and all the processes B^ generate the 
same completed filtration. Moreover, the operator Gq^ maps continuously Jl-'^fifi+ 
(where paths ofB' live) into H^~''^''^+, and can be defined by the following relation; 
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if we define 

(l)^'"{u) = {H-J)J"(v"+^~^ - iyv-lf-^-^dv+{u-lf--' (57) 
for <J,H < 1 and u> I, and if 



\H-J+\) 

then 



(58) 



0(0 = f Kj^{t,s)df{s) (59) 

J 

for f Lipschitz with compact support in M^. Moreover, is given by the ltd integral 

Bf= 4i^'"{t,s)dWs (60) 

J 

for W = B^/^. 



Proof. Let us divide the proof into four steps. 

'0 



Step 1: Definition of the families G^f and B^. Following (55), we define 



G^f = TljI^-'Tj, b" = g'J_^^"w, (61) 

so that B^ is a //-fractional Brownian motion. The continuity of Gq^ from IHI''~'*^'*^+ 
into 11^"'" ''+ is then a consequence of Theorems 2.11 and 2.14; it indeed fol- 
lows from these two theorems that Tj and 7^ are continuous endomorphisms of 
respectively m''~'^'^+ and B"~'^'^+, and that 7?"-^ is continuous from H-'~'°'°+ into 
e*-'0'0+. Moreover 



J,L 
0+ 



0~|~ 0~|~ Ij H H J L J L J I 

and consequently 

Gi'^B' = G^'f G^f V = gI^^'"w = B". 

The equality between filtrations of B^ also follows from this relation. 

Step 2: Proof of (56). First assume H > J, and let us work on smooth functions 
with compact support in R^. We deduce from (44) and the relations Ta = n-^"2o = 
ron-2« that 



^0+ 

= n"+'-'i^-Jn'-"-'. (62) 
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On the other hand, has been defined as -ll^Ta-\D^, and 7^ = ll+I^D^ from 
(33), so the definition (61) can be written as 

G^f = {ll+T„.,D'){ll^fi-'D'){ll^Tj.,D') 
= 4+Th-iI'^--'Tj-iD' 

= ll+n"+'-'l»-'n'-"-'D^ (63) 

^fjH+J-ljH-Jfjl-H-J 

(we used (62) in the third equality and Theorem 2.7 in the fifth one). The equality 
can be extended to the functional space El'^ since G^^ is continuous on this 
space, and the right-hand side is continuous on H-'" on any interval [0,T]. Moreover, 
inverting this relation provides G^^, so that this expression of G^'^ also holds when 
H<J. 

Step 3: Proof of (59). For smooth functions / with compact support in W^, (27) 
yields 

n''^'-'i»-Jn'-»-'f{i) 

= '«V/(') + F(^X((J)-"-'-i)('-)"-'-'/W*. 

SO (63) implies 

0(.)=cvw+^/;(/;((;)--"-'-i)(v-»r-v/w).v 

= r(H_'y+i) /„'"-"""'''/W 

-n^/:a'((;)-"-'-')<'-^)"-'--)''^<* 

This expression can be written as (59) for a kernel K^'^ , and a scaling argument 

shows that K^'" is of the form (58) for (j)-''"{u) = r{H -J+ \)Kq'"{u,\). Then 
(57) follows from a simple verification. 

Step 4: Proof of (60). By means of an integration by parts, we write (59) for / = 1/2 
and H 1/2 in the form 



oi''"m = ^ J^Kli'"{t,s)ds + J^K',i''"it,s){D'f{s) -f{t)/t)ds 

= ^ f Kll^'"{t,s)ds- j\f{s) - -f{t))dsKl'^'"{t,s)ds. (64) 
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On the other hand, 



(<?>^-«)'(m) = (7/-7)(m-1) 



SO that 



r{H-j) 

An asymptotic study of (57) shows that (p^^^'"{u) is 0{{u - 1)^"'/^) as u I 1 
and 0{u^"-^ V 1) as m f °°; thus dsK^!^'" {t,s) is 0{{t - s)"-^l^) as s t and is 
0{s~^~^l^\/ s^~^l^) as i 4 0- An approximation by smooth functions shows that 
(64) is still valid for W, and a stochastic integration by parts leads to (60). □ 

Remark 4.4. It is also possible to write a representation = g'j^B^ on the time 
interval [T,+^), associated to the kernel /:^'^(f,s) = Kq" {t ~ T,s -T). In [22], it 
is proved that letting T tend to — oo, we recover at the limit (49). 

Remark 4.5. lfH>J, we have 

IfH <J, this integral diverges and (^^'^{u) is its principal value. This function, and 
therefore the kernel Kq_^ {t,s) can also be written by means of the Gauss hypergeo- 
metric function, see [8, 20]. 

Remark 4.6. If H + J = 1, then (56) is simply written as Gq^ = Iq^^ ■ Thus the 
relation between and fi'"^ is particularly simple (as it has already been noticed 
in [20]), but we have no intuitive explanation of this fact. 

Remark 4. 7. The expression (56) for Gq'^ is close to the representation given in [32] 
for 7= 1/2. We define 

zf'" = i^-'n'-'-"B\t) = — ^ [\t-sf-'s'-'-"dBi 

which is an Ito integral in the case J =1/2, and the fractional Brownian motion B^ 
is given by 

B" = n"+J-'z''"it)= f s"+'-'dzi'" 

Jo 

which can be defined by integration by parts. 



Remark 4.8. In the case 7=1 /2, let us compare our result with the decomposition 

1 /2 H 

of [8]. We look for a decomposition of Gq_^_ ' which would be vahd on the classical 
Cameron-Martin space Iq+L^ of W. To this end, we start from (63) 
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which is vaUd for smooth functions. When H > 1/2, this formula is valid on 

for any finite time interval [0,r] because these five operators satisfy the continuity 

properties 

-s- ^ H-L^ -s-L^ -^LT 

(use the fact that /q^ is a continuous endomorphism of for a > 0). However, it 

does not make sense on M[ /2 f or // < 1 /2 because /(,_,_ ' is in this case a fractional 
derivative, and is not defined for non continuous functions. Thus let us look for an 

1 /2 H 

alternative definition of the operator G^j^ ' ; in order to solve this question, we apply 
the property (29) of Riemann-Liouville operators and get 



which makes sense on HH <l /2. This is the expression of [8]. 

Remark 4.9. A consequence of (60) is that we can write the conditional law of 
{Bf\t> S) given {Bf\Q<t<S). This is the prediction problem, see also [13, 29]. 

Remark 4.10. Theorem 4.3 can also be proved by using the time inversion opera- 
tors Th rather than T^. If we start again from (54) and consider the process with 
independent increments 



Jo 



then it appears that depends on future values of V^; consequently, ThB^ {t) 
depends on past values of TrV^ . On the other hand, ThB^ ~ B^ and TrV^ ~ 
from Theorem 3.3, so we obtain an adapted representation of B^ with respect to , 
and therefore with respect to W . One can verify that this is the same representation 
as Theorem 4.3; however, the composition rule for the operators Gq^ is less direct 
with this approach. 

Let us give another application of Theorem 4.3. The process B^ has stationary 
increments, so a natural question is to know whether it can be written as Bf = 
Af —Aq for a stationary centred Gaussian process A^, and to find A^. This is clearly 
not possible on an infinite time interval, since the variance of B^ is unbounded. 
However, let us check that this is possible in an explicit way on a finite time interval, 
and that moreover we do not have to increase the (7-algebra of B^. Since we are on 
a bounded time interval [O.r], the stationarity means that {A^_^_f^, < t < T — U) 
and (Af ; 0<t <T -U) have the same law for any < t/ < T. 

Theorem 4.11. Let T > 0. There exists a stationary centred Gaussian process 
{Af; <t <T) such that Bf — Af — Af is a H-fractional Brownian motion on 
[0,7], andB^ andA^ generate the same a-algebra. 
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Proof. Consider B" = g]I^'"w . We look for a variable such that = Bf 
is stationary; this will hold when 

E [Af Af ] = I {t^" + s^" - \t - + E [5f A^] + E [fif A^] + E [{A^ f] 

is a function oft — s, so when 

E[BfA^] =-pP"/2. 

H 1 /2 

By applying the operator Gq^ ' , this condition is shown to be equivalent to 

// 1 /2 

by using the formulae (63) and (22) for computing Gq_J_ ' , and for p given by (5 1). 
Thus we can choose 

rT ^ rT 

A^= -E[WtA^]dWt = -pHr{H + 1/2) t^'^/^dW,. 
Jo at '- Jo 

□ 

In particular we have Ao/^ = -Wr A Of course we can add to Aq any indepen- 
dent variable; this increases the f7-algebra, but this explains the mutual compati- 
bihty of the variables Aq when T increases. More generally, the technique used in 
the proof enables to write any variable A of the Gaussian space of B^, knowing the 
covariances E[ABf^]. 

Remark 4.12. We can also try to write B^ on [0,r] as the increments of a process 
which would be stationary on M. We shall address this question in Remark 6.4. 

Remark 4.13. Another classical stationary process related to the Brownian motion 
is the Ornstein-Uhlenbeck process; actually there are two different fractional exten- 
sions of this process, see [5]. 



4.3 Canonical representation on M_ 

In the representation (6), we have .^i (dB^) = idW) (with notation (5)). However, 
when f < 0, the filtration ,'Pt{dB^') is strictly included into We now give 

a representation of B^ on the time interval M_ for which J^t{B^) = ^t{dW); one 
can then deduce a canonical representation of B" (see Remark 4.15 below). In the 
particular case i/ = 1/2 of a standard Brownian motion, we recover the classical 
representation of the Brownian bridge. 

We want B^, ; < 0, to depend on past increments of W; by applying the time 
reversal t —t, this is equivalent to wanting Bf, ? > 0, to depend on future incre- 



30 Jean Picard 

ments of W. The starting point is the operator TceT'a of (42) which can be written in 
the form 

TnTltfit) = -2Hf" l^'^s-'"-\f{s)-m)ds. 

Thus THTlif{t) depends on future increments of /, and the equality in law ~ 
ThT^B^ enables to write as a process depending on future increments of 
another //-fractional Brownian motion. On the other hand, in the representation 
~ 7^~^/^|^^ of (54), future increments of B^ depend on future increments of W. 
Thus, in B^ ~ ThT^^ ^^^W, the value of Bf^ depends on future increments of W, 
and this answers our question. The same method can be used with W replaced by 

Theorem 4.14. LetB^ be a J -fractional Brownian motion on ]R._; consider the func- 
tion ^^'^ of (57). On M* , the operator 

G'ff{t)= f K'/'{t,s)df{s) 

J —oo 

for f smooth with compact support, with 

K-'/{t,s)=r{H-J+l)-'^-'-"{s/t){-tf"{-s)-"--', s<t<0, 

can be extended to a continuous operator from M^^'^'^^ into H^~'^'^+, andB^'^ = 
is a H-fractional Brownian motion on M_. Moreover, (B^'^) = {dB'') 
(with notation {5)). 

Proof. We transform the question on ]R_ into a question on IR+ by means of the 
time reversal t^—t. Following the discussion before the theorem, we introduce on 
M^J. the operator 

It follows from Theorems 2.11 and 2.14 that G'j:!^ maps continuously H-'"'*''*'^ into 
l[jff-,o,o+. moreover B^^^ = g'j!^B^ is a //-fractional Brownian motion. If we com- 
pare with Gq^ given in (61), we see that 

For / smooth with compact support in 

Gi'"Tjf{t)= / K',f{t,s)s^-^D'f{l/s)ds= / K',f{t,l/s)s-^df{s) 

so 

K'^f{l/t,l/s)s-^df{s)= K':"{t,s)df{s) 

with 
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K^2"{t,s)=t^"s-^JKif{\/tMs) = r{H-J+ l)-'(^''"{s/ty"s-"--' 

(apply (58)). We still have to check that 

(y{Bi'"; s>t) = a{Bi-Bi; s>u>t) 

for f > 0. The inclusion of the left-hand side in the right-hand side follows from the 
discussion before the theorem. For the inverse inclusion, notice that B'^'^ = g'j^B^ 
can be reversed and 

B^ =F_-"tIjThB^'". 

Thus future increments of B'' depend on future increments of T^ThB'''^ , which de- 
pend on future values of B^'^ from (43). □ 

Remark 4.15. The theorem involves ,'^t{dB^) which is strictly smaller than ,'^t{B''), 
so the representation is not really canonical on Hi- ; however, {dB^) is also the 
filtration generated by (for instance) the increments of the process 

r/= f {-s)-^dBi = {-t)-^'Bi + 2J f {-s)-^'-'Bids, 

J — oo J — oo 

and 

Sf.^ = f K'f{t,s)i-s)'^dYf. (65) 

J —oo 

The process Y/ tends to at — «>, so 

^t{B^'") = ^t{dB-') = ,^,{dr^) = .^,{r-') 

and (65) is therefore a canonical representation on M_ (notice that T^/^ has inde- 
pendent increments). 

Remark 4.16. By applying Theorem 4.14 with J =1/2, we can predict on M_ future 
values of B^ knowing previous values; this prediction must take into account the fact 
Bq = 0; this can be viewed as a bridge; actually for H =J = 1/2, we recover the 
classical Brownian bridge. More precisely, 0^2:1/2 = i^ so K]/^'^^^{t,s) = \t\/\s\ on 
R_; thus W = B^/^ and W = b'/2,i/2 ^re Brownian motions on M-, and satisfy 

/t w 
dW, = --^dt + dWt. 
-oo \t\ 

Notice in the same vein that Bf_j. ~ Bj_j on [0, T] for T > 0, so the study on [—T, 0] 
is related to the time reversal of B^ on [0,T]; some general results for this problem 
were obtained in [7]. 
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4.4 Some non canonical representations 



Let us come back to general //-self-similar centred Gaussian processes S,, ? > 0. In 
Theorem 3.5, we have proved the equality in law 



Jo 



ds 



for L > 0. When S = W is a standard Brownian motion so that H — 1/2, this is the 
classical Levy family of non canonical representations of W with respect to itself. 
We now verify that this property of non canonical representation holds in many 
cases, in the sense that ^t{TH,L^) is strictly included in for f > (it is of 

course sufficient to consider the case t = 1). In the following theorem we need some 
notions about Cameron-Martin spaces and Wiener integrals (see a short introduction 
in Appendix C.l). 

Theorem 4.17. Let S = {E,; 0<t <l)be the restriction to [0, 1] of a H -self -similar 
centred Gaussian process for H > 0. Let W be a separable Frichet space of paths 

in which E lives, and let ^ be its Cameron-Martin space. Suppose that the function 
\l/{t) = t^^^ is in Jff, and denote by (S, y/)^ its Wiener integral. Then 

a{E) = a{TH,LS)Va{{E,xi/)j^) 

where the two a-algebras of the right-hand side are independent. 

Proof. The operator Th,l operates on , and it is easy to check that functions 
proportional to i// constitute the kernel of Th,l- On the other hand, for any h in Jif, 
h^Q,wc can write the decomposition 



where the two terms are independent: this is because independence and orthogonal- 
ity are equivalent in Gaussian spaces, and 



E 



{E,h)jff{E - {E,h)^^,h')^ 







for any /j' in ^ (apply (99)). Thus 

Th,lS = {E,h)jr^^^ + process independent of {E,h)M', 

and Th,l^ is independent of {E,h)^ if and only if h is in the kernel of Th,l, so if 
and only if h is proportional to i/a. Thus the Gaussian space of E, which is generated 
by h G is the orthogonal sum of the Gaussian space generated by 

Th,l^ and of the variables proportional to {E,\i/)j^. We deduce the theorem. □ 
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Notice that on the other hand, the transformation T^^l becomes injective on the 
whole time interval R+, so CJ(S) and (j{Th,l^) coincide; actually, the theorem 
cannot be used on R-|- because xj/ is no more in Jif; this can be viewed from the 
fact that S Uves in the space of functions / such that t~"~^~^f{t) is integrable on 
[1,00) (for e > 0), so is included in this space, whereas i/A does not belong to it 
for e < L. 

In the case where S is the standard Brownian motion W, we obtain the well 
known property 

-^tiW) = ^,(7\/2,iW) V(7(n^-1/2W(0). (66) 

Let us prove that this property enables to write Theorem 4. 17 in another form when 
S has a canonical representation with respect to W, see also [21]. 

Theorem 4.18. Consider the standard Brownian motion W on M.+, and let 

E,^{AW){t)= f K{t,s)dW, 
Jo 

be given by a kernel K satisfying K{Xt ^Xs) = X^^^ /^K{t ,s) for any A > and some 
H >0. Suppose that ^((S) = ^t{W) (the representation is canonical). Then S is 
a H- self- similar process, and we have 

TH,a =ATi/2,lW, ^t{S) = J^,{Th,lE) V a(l7^-i/2^(0) (67) 

where the two a-algebras of the right side are independent 

Proof. The scaling condition on K imphes that S is //-self- similar. It can be 
viewed for instance as a random variable in the space of functions / such that 
t^~^~"'~^~"~^f{t) is integrable on R*^- 0° oth^' hand, notice that 

Th,l = n«-i/2ni/2-in2Ln-^-i/2nV2-H = n"-'/%/2,Ln'/^-" (68) 

from (47), and consider the Unear functional TI^I^^^A mapping W to the 1/2- 
self-similar process n^l'^~^E. The monomials V')3(0 =t^,P>l /2, generate the 
Cameron-Martin space Jfi/2 of W^; we deduce from the scaling condition that they 
are eigenfunctions of n^/'^~^A and of 7i/2,l> so the commutativity relation 

ni/2-^A7'i/2,L = ri/2,ini/2-^A (69) 

holds on fractional polynomials, and therefore on and on the paths of W (a 
linear functional of W which is zero on the Cameron-Martin space must be zero on 
W). We deduce from (68) and (69) that 

7H,iS = n"-^i^T^i2,Ln^i^-"AW = n*-i/2ni/2-ffATi/2,LW =at^i2^w 

and the first part of (67) is proved. We have moreover assumed that =^((AW) = 
this can be appUed to the Brownian motion 7i/2,LW so ^;(A7i/2,lW) = 
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W\I2,lW)- Thus, by applying (66), 

^,(S) = = ■^,{T,,2,lW) V CJ(77^-^/2^(f)) 

= ^t(AT,,2,LS) V (7(I7^-'/2w(/)) = ^,{Th,lE) V (7(i7^-'/2w(0) 

so the second part of (67) is also proved. □ 

Remark 4.19. Another proof of the second part of (67) is to use directly Theorem 
4.17; we verify that on [0, 1] 

j^L-i/2^(j) = {W,(^)j^^i^ = {E,A(j>)jif 

for (j){t) = f^+'/2/(L+ 1/2), and A(j) is proportional to the function \if{t) = t^+" 
from the scaUng condition. 

Theorem 4.20. Consider on M.+ the family of fractional Brownian motions = 

Go+"w, so that B" = Gq"b-'. Then, for any L > 0, the process B"-^ = Th,lB" is 
a H -fractional Brownian motion satisfying the relation B^'^ = Gq^B-''^. Moreover, 
for any t, _ 

^t{B") = ^,{b"'^) V (7(n^-i/V(0) , (70) 

and the two a-algebras of the right-hand side are independent 

1 /2 H 

Proof. This is a direct application of Theorem 4.18 with A = Gq^ ' . The first part 
of (67) implies that 

B"^'^ = g'J^^"t,/2,lW, 

and the relationship between B'^'^ and B^'^ follows from the composition rule satis- 
fied by the family Gq^^. □ 



5 Riemann-Liouville processes 

In this section, we compare the fractional Brownian motion B^ with the process 



5.1 Comparison of processes 

The processes 
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defined on are often called Riemann-Liouville processes. Notice that these pro- 
cesses can be defined for any H > 0. When < H < 1, these processes have paths 
in IHI^~ on bounded time intervals from Theorem 2.8, and can be viewed as good 
approximations of fractional Brownian motions for large times, as it is explained 
in the following result. 

Theorem 5.1. For < H < I, we can realise jointly the two processes on 
M+, so that X" - B" is C" on R%. Moreover, forT>0,S>Oandl<p<oo, 



sup 



0<t<T 



<CpS"-^T 



(72) 



(where \\.\\p denotes the LP [Q,)-norm for the probability space). 



Proof. Let (fif ; f > 0) be defined by B" =1^ ^^^W for a standard Brownian mo- 
tion (Wt; f € K). The process W can be decomposed into the two independent pro- 
cesses Wf^ = Wt and Wf' = W-t for t > 0, and consequently, the process B^ is 
decomposed into B" =X" + Y" where 



x"=r^-'/\wi^^)=il 



is a Riemann-Liouville process, and Y" =Tl ^'^ can be written by means 

of Remark 2. 10; more precisely, Y^ = '^^1^^ , where 



„a-l 



)f{s)ds. 



(73) 



We deduce from this representation that Y^ is C" on R* , so the first statement is 
proved. On the other hand, it follows from the scaling property that its derivative is 
(ii— l)-self-similar, and is therefore of order inL''(i2); thus the left hand side 
of (72) is bounded by 



rS+T 
JS ^ 



\D^Y"\du 



rS+T 

'"Is ' 



u"-^du<C„S"-^T. 



□ 



Remark 5.2. Inequality (72) says that the process x/'^ = X^^^ close to a 

fractional Brownian motion when S is large; it actually provides an upper bound for 
the Wasserstein distance between the laws of these two processes. A result about the 
total variation distance will be given later (Theorem 5.8). 

„ 1/2 

Instead of using the representation ofB" =I_^_ ' W on R, we can consider the 
coupling based on the canonical representation of B'^ on R+. It appears that in this 
case X^ — B^ is not C°° but is still differentiable. In particular, we can deduce that 
the estimation (72) also holds for the couphng of Theorem 5.3. 
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Theorem 5.3. Consider on M+ the family = Gq^^'^W and the family defined 
by (71). Then X" - is differentiable on R^. 

Proof. For / smooth with compact support in Ml, Theorem 2.7 and the expression 



(63) for Gq'" shows that Gq'"/ and I^-'f are smooth, and 



H-J, 



We therefore deduce from (27) that 



l\{t-sf-'-\D'f{s)-f{t)/t)ds 



mu(t)+—L- 

t ''^''^r{H-j)JoVs 



with 



U{t) 



(t-s) 



H-J-l 



{f{s)-'-f{t))ds 



ds 



r{H-j)Jo \^s' 

proportional to t"~^ . This equaUty can be extended to any function / of H-^~, so in 
particular to in the case 7 = 1/2; we deduce the differentiabiUty announced in 



the theorem. 



□ 



5.2 The Riemann-Liouville Cameron-Martin space 

Cameron-Martin spaces are Hilbert spaces which characterise the law of centred 
Gaussian variables, so in particular of centred Gaussian processes, see Appendix 
C.l. The Cameron-Martin spaces of //-fractional Brownian motions are de- 
duced from each other by means of the transforms of Theorems 4.1 or 4.3, so that 

respectively on R and M+; the space /2 is the classical space of absolutely contin- 
uous functions h such that (0) = and D^h is in l? . Similarly, the Cameron-Martin 
space of the Riemann-Liouville process X^ on is 

jH-l/2 ^ jH+\l2j2 

In particular, if / is a smooth function on R+ such that /(O) = 0, then, on the time 
interval [0,7], 
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\f\^,=\D%l^-"f\^, 

< c(sup \D'f\ [f^ {t'l'^"fdt) + sup \D'f\ {ty'^"fdt) 

< C' (t^-" sup |Z) Vl + T^~" sup |Z)V|) (74) 
from Theorem 2.7. 

We now explain the proof of a result mentioned in [8] (Theorem 2.1) and taken 
from [35]. We use the equivalence of Hilbert spaces (Jif ~ Jif') defined in (12). A 
probabilistic interpretation of this equivalence is given in Appendix C.l, see (100). 

Theorem 5.4. For < H < I, the spaces Jifn and -J^^ are equivalent on IR.+. 

Proof. The proof is divided into the two inclusions; for the second one, we are going 
to use an analytical result proved in Appendix A. We can of course omit the case 
H = \/2. 

Proof of J'^^ C ,y<fH- We have seen in the proof of Theorem 5.1 that can be writ- 
ten as the sum of the Riemann-LiouvUle process and of an independent process 
y^. If we denote by the Cameron-Martin space of Y^, then this decomposition 
impUes (see (101)) that 

Mk = J>fH + M'i with \h\^„=mi[{\hi\l^^ + \h2\'^^f'^-h = hi+h2]. 

(75) 

In particular, Mfj C Mk with \h\j^g < \h\^i^. 

Proof of Mh C Mfj. It is sufficient from (75) to prove that M'^ is continuously 
embedded into .J>f^. Let h be in H'/-^; then \h{t)\ < |/i|jji/2-\/F, and we can deduce 
from (73) that his C°° on M* , and that the derivative of order k is dominated 

by \h\jj^i/2t^^''. Theorem 2.7 enables to deduce that Ah — /g^^ ^^^h is also 

smooth, and we have from (24) that D^Ah{t) is dominated by |/!|jji/2/V/. Moreover, 
the scaling condition (93) is satisfied, so we deduce from Theorem A.2 that A is 
a continuous endomorphism of By composing with /q^ ' , we obtain that 

\^A~^^^s\j(f^ is dominated by 

□ 

Remark 5.5. Let us give another interpretation of Theorem 5.4. By comparing K and 
the fractional Brownian motion on M+ can be obtained as a restriction of the 
fractional Brownian motion on M. This property can be extended to the Cameron- 
Martin spaces, and applying (101), we deduce that consists of the restric- 
tions to M+ of functions of =^^(R), and 
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|/i|.ir„(M+) =inf||^|^„(M); g = /!on E+|, 
so |/j|^(K+) ^ \h 1r+ |^(R) for h defined on M+. On the other hand, 

= ^ ((^+ '')1r+)|^„(m) = l'*l»+l.ir„(R)- 

Thus |/z|js^(M^) < \h\j^^, and is continuously embedded in J^h{^+)- The in- 
verse inclusion means that 

|/i1m+|^^(k) <Cinf||g|jr/,(K); ^ = /ionM+|, 
for /j defined on R+, and this is equivalent to 

|^1r+|.^„(k) <C|g|^^(R) 

for g defined on M; thus this means that g g Ir,^ is a continuous endomorphism 
of J^(M). This is a known analytical result, see also Lenmia 1 in [31]. 

Remark 5.6. Consider on R+ the even and odd parts Bf^ = (Sf ± B^,) /2 of B". 
These two processes are independent (this is easily verified by computing the co- 
variance), and fi^lK+ = fi^^ +5^", so their Cameron-Martin spaces <^H± tire 
continuously embedded into J^h{^+)- On the other hand 

\hU„^ = inf{|g|^^(M); h{t) = ^{g{t) ±g{-t)) on R+} 
< 2\h 1k+ I^(jj) = 2|/«ljr^ < C\h\jif„(T^^) 

by means of the result of Remark 5.5, so the three spaces and J^(M+) are 
equivalent. 

Remark 5.7. Notice that the endomorphism of Remark 5.5 maps the function h{t) to 
the function h{t+); by applying the invariance by time reversal, we deduce that the 
operator mapping h{t) to — (1 — ?)+) is also continuous, so by composing these 
two operators, we see that the operator mapping h{t) to the function 

'O if;<0, 
h*{t) = }h{t) ifO<f<l, (76) 
^(1) iff>l, 

is a continuous endomorphism of Jfn- On the other hand, we have 

\h\^Hm])=^^f{\8\^Hm'^ S = hon [0,1]|. 
Thus hi-^ h* is continuous from J^([0, 1]) into J^(M). 
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5.3 Equivalence and mutual singularity of laws 

In Theorem 5.4, we have proved that the Cameron-Martin spaces of and X'^ 
are equivalent. It is known that the laws of two centred Gaussian processes are ei- 
ther equivalent, or mutually singular, see Appendix C; the equivalence of Cameron- 
Martin spaces is necessary for the equivalence of the laws, but is of course not 
sufficient (compare for instance a standard Brownian motion Wt with 2Wt). In sub- 
sequent results, the equivalence or mutual singularity of laws of processes should 
be understood by considering these processes as variables with values in the space 
of continuous functions. 

Theorem 5.8. LetO<H <l.For any S>0, the laws ofBf and X,^'" = X^^^ - Xf 
are equivalent on any time interval [0,r]; more precisely, the relative entropies of 
and X^'^ with respect to each other are dominated hy 5^^^^ as 5 t °°, cind 
therefore tend to 0; in particular, the total variation distance between the laws of 
X^'^ and is dominated by S^~^. In the case S = 0, the two laws are mutually 
singular as soon as H ^\/2. 

Proof Let us consider separately the cases S>Q and 5 = 0. 

Equivalence for 5 > 0. Consider the coupling and notations of Theorem 5.1, so that 
the process B^ = X^ + is written as the sum of two independent processes. 
This impUes that B^f^ = X^''^ + 7^-^, where B^'" and Y^'" are defined similarly 
to X^'^ . Theorem 5.4 states that the Cameron-Martin spaces of X^ and B^ are 
equivalent; this implies that the Cameron-Martin space of X^'" is equivalent to the 
Cameron-Martin space of B^'^ which is Jifn, and is therefore also equivalent to 
Jif^ = /^^^^L-^(M_|-); thus it contains smooth functions taking value at 0. But the 
perturbation Y^'^ is smooth, so the equivalence of the laws of B^-^ and Z'^^^ fol- 
lows from the Cameron-Martin theorem for an independent perturbation. Moreover, 
(103) yields an estimation of the relative entropies 



from (74). The derivative D^F,^ is 0{t" mL?-{Q) from the scaling property, so 



as 5 t °°- The second derivative is even smaller (of order 5 ). Thus the relative 
entropies are dominated by S^^^^. In particular, the total variation distance is esti- 
mated from Pinsker's inequality (102). 

Mutual singularity for 5 = 0. This is a consequence of Theorem C.13; the two pro- 
cesses are self-similar, the initial (7-algebra J^q+{B^) is almost surely trivial (Re- 



max 



{j^{b",X^'"),J^{X^'",b")) < ^E\Y^'"\%,^<CE\Y^'"\l 
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mark C.l 1), so it is sufficient to prove that they do not have the same law. But this 
is evident since can be written as the sum of and of an independent process 
which is not identically zero. □ 

Remark 5.9. In the case S = 0, Theorem C.9 provides a criterion to decide whether 
a process S has the law of or . The variances of these two processes differ 
(they can be computed from the calculation of Appendix B), so we can decide be- 
tween them by looking at the small time behaviour of s^^^^^ {Es)^ds. Actually, 
by applying the invariance by time inversion, we can also look at the behaviour in 
large time. 

For the following result, we recall that the mutual information of two variables Xi 
and X2 is defined as the entropy of {Xi,X2) relative to two independent copies of Xi 
and X2. We want to estimate the dependence between the increments of 5^ on some 
interval [5,5 + T], 5 > 0, and its increments before time 0, and in particular prove 
that the two processes are asymptotically independent when 5 1 +°°- This result and 
other estimates were proved in [3 1] with a more analytical method; an asymptotic 
independence result is also given in [33]. 

Theorem 5.10. Let H ^ 1/2. The joint law of the two processes {B^'^ = Bf^, — 
B^; <t <T) and (Bf ; t <Q) is equivalent to the product of laws as soon as 
5 > 0, and the Shannon mutual information is (9(5^^^^) a* 5 1 °°. IfS = 0, the joint 
law and the product of laws are mutually singular. 

Proof. We consider separately the two cases. 

Equivalence for 5 > 0. Let {Wf, f G R) and {W f, f € M) be two standard Brownian 
motions such that Wt = Wf for ? > and (W, ; ? < 0) is independent of W. We then 
consider the two fractional Brownian motions = 7^ ^''^W and = '^^W. 
With the notation of Theorem 5.1, they can be written on M+ as B^ = X^ + and 
A" =X" +7", so A" =B^ +7" -Y"; by looking at the increments after time 5, 
we have A^'^ = B^^" +7^'" - Y^^ . Conditionally on ^q{W,W) = ^o{B" ,A"), 
the process Y^'^ — Y^-^ becomes a deterministic process which is almost surely in 
Mr (see the proof of Theorem 5.8), so the conditional laws of 

{Bf",0<t<T;Bf,t<0) and {Af'" , <t <T; Bf , t <0) 

are equivalent. We deduce that the unconditional laws are also equivalent. More- 
over, the two processes of the right side are independent, and A'^'^ ~ B^'^ , so the 
equivalence of laws stated in the theorem is proved. On the other hand, the relative 
entropies of 

{Bf'", 0<t<T;Bf ,t<Q; Af , t < 0) 

and 

{Af-", 0<t<T;Bf,t<0; Af , / < 0) 
with respect to each other are equal to 
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(proceed as in Theorem 5.8). If we project on the two first components, we deduce 
that the mutual information that we are looking for is smaller than this quantity. 

Mutual singularity for 5 = 0. If we compare the law of {8^,81,; 0<t <T) with the 
law of two independent copies of the fractional Brownian motion, we have two self- 
similar Gaussian processes with different laws, so the laws are mutually singular 
from Theorem C . 1 3 . □ 

Remarks. 11. As an appUcation, we can compare fi^ with its odd and even parts. 
Let B and B' be two independent copies of B^. Let 5 > 0. From Theorem 5.10, we 
have on [0, T] the equivalence of laws 

{B^H - B^) ± {B"s-t - B"s) ~ {Bs+t - Bs) ± {B'_s-r - B'_s) ^ V2(Bf+, - B^) 

Thus the law of the increments of {B^ ± B^^ ) / on [5, 5 + J] have a law equivalent 
to the law of B^ . For S = 0, the Cameron-Martin spaces are equivalent (Remark 5.6), 
but the laws can be proved to be mutually singular from Theorem C.13. 



6 Series expansions 

Let us try to write B^ on [0, 1] as some series of type 

B? = '£h„{t)^n 

n 

where hn are deterministic functions and are independent standard Gaussian vari- 
ables. Such expansions have been described in the standard case = 1/2 by [19], 
and actually, an expansion valid for the standard Brownian motion W can be trans- 
ported to B^ by means of the operator g\I^'^ , see [12]. 

If we look more precisely for a trigonometric expansion, we can apply [9] where 
the functions h„ are trigonometric functions, the coefficients of which are related 
to some Bessel function depending on H. However, we are here more interested in 
trigonometric functions which do not depend on H. 



6.1 A trigonometric series 

Suppose that we are interested in the Fourier series of (Bf ; < / < 1). The problem 
is that the Fourier coefficients are not independent, since this property is already 
known to be false for H = 1/2. What is known for H = 1/2 is that can be 
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represented by means of (8), (9) or (10) for independent standard Gaussian variables 
{^m^'n\n> 1); the series converges in uniformly in f, and one easily deduces 

the Fourier series of W from (8). Similar representations cannot hold on [0, 1] for 
the fractional Brownian motion as soon as // ^ 1/2, but it appears that one can find 
a representation mixing (8) and (9), 

Sf ~ + £ ((cos(7rn/) -1% + sin{nnt)B,'^ {11) 

n>\ 

on [0, 1]. This question has been studied in [18] and [17] respectively for the cases 
H < 1/2 and H > 1/2. The sign of is of course irrelevant so we wiU choose 
> 0. We follow a general technique for finding series expansions of Gaussian 
processes from series expansions of their covariance kernels. We are going to find 
all the possible for which (77) holds; it appears that a^, n> 1, is unique as soon 
as Oq has been chosen in some set of possible values. 

Theorem 6.1. // is possible to find a sequence (a^; n > 0), > 0, such that 
< oo and (77) holds on [0, 1] for independent standard Gaussian variables 

(^Q,^„,^^;n > 1). The convergence of the series holds uniformly in t, almost surely. 
IfH < 1 /2, we have to choose a^ in an interval [0,a{H)], a{H) > 0, and a^ is then 
uniquely determined; if H > 1/2 there is only one choice for the sequence. More- 
over, except in the case H = 1/2, we must have a^ ^0 for all large enough n. If 
H 1/2, then ill) cannot hold on [0, T\ for T > \. 

Proof. We divide the proof into two parts. 

Step 1: Study on [0, 1]. It is clear that the convergence of the series in (77) holds 
for t fixed (almost surely and in L^(X2)); the uniform convergence comes from the 
Ito-Nisio theorem [19]. We have to verify that the right hand side Z has the same 
covariance kernel as for a good choice of (a^). We have 

E[Z,Zf] = {a"f-st + {a")'^(^{cos{nnt) - l) {cos{nns) - l) + sm{nnt) sm{nns)j 
= {a^f^st + £ {af^f' (cos{nn{t -s))- cos{nnt) - cos{nns) + ij 

n>\ 

= {fH{t)+fH{s)-fH{t-s))/2 

with 

fH{t) = (a^)V + 2£(a^)2(l-cos(;wO)- (78) 

n>l ^ 

If we compare this expression with (2), it appears that if fn coincides on [—1,1] 
with gnit) =p\t P^, then ^ Z on [0, 1] ; conversely, if B" ^ Z, then they have the 
same variance, so fn = gH on [Q,\] and therefore on [—1,1] (the two functions are 
even). Thus finding an expansion (77) on [0, 1] is equivalent to finding coefficients 
a^ so that fn = g// on [— 1, 1]. For any choice of a^, one has on [—1,1] the Fourier 
decomposition 
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n>l 



Thus the possible expansions correspond to the possible choices of Uq such that 
Z?^ > for n > 1 and < °o; then 

and we take = ^/b^ for n > 1. We have 

b" = -pj t^" co%{nnt)dt + {a"f- j t^cos{nnt)dt 

= — p r" '^sm{7tnt)dt / tsm{Knt)dt 

nn Jo nn Jo 

TV-ri?- Jo ^ ^ 'J 

+^p(i-(-ir)+^(-ir- (79) 

Let us first assume H <l/2; then the first term is positive, and the sum of the second 
and third terms is nonnegative as soon as < y/2pH. Moreover 



/•l/n rl rV" r°° 

■ t^"dt< t^"~^(l-cos(nnt))dt<Cn^ t^"dt + 2 t^^'^dt 

Jo Jo Jo Jl/n 

(80) 

so this integral is of order n'^^^ (actually a more precise estimate will be proved in 
Theorem 6.6), and we have b^l x n"'"^^. It is then not difficult to deduce that there 
exists a maximal a{H) > y/2pH such that if we choose in [0,a{H)], then b^ >0 
for any n; the value a{H) is attained when one of the coefficients b^ becomes 0. It 
follows from b^ x rT^^'^^ that ^/j^ < oa. Let us now assume H —\/2\ the property 

b^>Q holds for aj^ G [0, a(l /2)] = [0, 1], and bl'^ = 0{n-^). Finally, if H > 1 /2, 

,„ 2H(2H-1) 2H 2 / X, '2(a^f-2pH, 

b" = — ^-5 — '-P / t^"-^co&(nru)dt+ ^ °% , ^ (-1)" (81) 

TT^n^ Jo Tt-^n"^ 

2H{2H-\){2H-2) /"i ,« i . x 2(at{)--2pH, 
= ^ ^-^ -p t^"-hm{7tnt)dt+ (-1)" 







2H{2H-\)(2H-2){2H-3) ^h-a,, , 

— ^ ' 4 4 -P \ ^ \l-cos{nnt))dt 



2H{2H-\)[2H-2) , . 2{a^)--2pH 

The integral of the last equality is studied like (80), and is of order n^~^^, so the 
first term of this last equahty is positive and of order n~^~^^. The second term 
is nonnegative and smaller. If we choose Uq ^ \/pH, then the third term has an 
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alternating sign and is the dominant term, so b„ is not always positive. Thus we 

must choose Oq = ^JpH, and > for any n; we again have x rT^^^^ so that 
^fo^ < oo. Moreover, in the two cases 7/ < l/2and//> 1/2, wehavea^ xn~^~^/'^, 
so 7^ for all large enough n. 

Step 2: Study on larger intervals. Suppose now that (77) holds on [0,r] for some 
r > 1. Then, as in previous step, we should have =gH{t) =p|?P^ on [—T,T]. 
But fnit) — {a^Yt^ is even and 2-periodic, so 

- - («o')'(l - tf = +0 - («o +0'- 

Thus 

p{l-tf"- {a^f{l-tf = p{l+tf"-{a^f{l +tf 

for |f I < min(r — 1, 1). By differentiating twice, it appears that this relation is false 
if// 7^ 1/2. □ 

1 /2 

Remark 6.2. For H =1/2, we can choose Oq in [0, 1], and the expansion (77) is an 
interpolation between the decompositions containing respectively only odd terms 

1/2 1/2 

{a^ = 0) and only even terms {a^ = 1), which are respectively (9) and (8). 

Remark 6.3. Suppose that H <\/2 with = 0; the formula (77) defines a Gaussian 
process on the torus M/2Z with covariance kernel 

E[BfBf] =|(5(0,0'^ + 5(0,^)2^ (82) 

for the distance 8 on the torus. This is the fractional Brownian motion of [18] in- 
dexed by the torus. For H > 1/2, we cannot take = 0; this is related to the fact 
proved in [ 1 8] , that the fractional Brownian motion on the torus does not exist; when 
indeed such a process exists, we deduce from (82) that 

E[Bf(Bf+,-Bf)] =p{{\-tf''-\)^-2pHt 

as ? 4 (use the fact 5(1 0) = 1 — ? on the torus), whereas this covariance should 
be dominated by t^^ . 

Remark 6.4. When H <\/2 and a^ = 0, we can write Bf on [0, 1] as Af —Aq for 
the stationary process A, = {cos{Knt)^„ + sin{nnt)^|^). In the case H = 1/2, 
it generates the same (7-algebra as B'/'^, and this process coincides with the process 
A^/2 of Theorem 4.11. However, a comparison of the variances of the two processes 
show that they are generally different when H < 1/2. 

Remark 6.5. Since the two sides of (77) have stationary increments, we can replace 
the time intervals [0,1] and [0, T\ of Theorem 6. 1 by other intervals of length 1 and 

T containing 0. 

We now study the asymptotic behaviour of the coefficients of Theorem 6.1. 
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Theorem 6.6. The expansion of Theorem 6.1 can be written with Uq = ^JpH. In 
this case, a^ > Ofor any n and 



a^ = {Kn)-''-'l\\+0{n^"-^)) 



(83) 



forn large. 



Proof. The only part which has still to be proved is (83). This will be accomphshed 
through an asymptotic analysis of the integrals in (79) and (81). For // = 1/2 we 
have a^ = {nn)~^ so this is trivial. liH <\ /2, we have 

(1-2//) f t^"-^{\-cos{nnt))dt 
Jo 

= {l-lH)j^ t^"~^{l-cos{nnt))dt-l + {l-2H) t^"~^cos{nnt)dt 

poo 

= (1 - 2H)(nny-^" / t^"-^il - cost)dt - 1 
Jo 

+ {l-2H){nny-^" H t^"-^ cos tdt 

J Tin 

poo 

= {nn)'-^" / r^H-i sinr J? - 1 + 0(n-2) 
Jo 

where we have used in the last equahty 



(84) 



t^" ^costdt 



t^" ^ sin tdt 



.2H-3 



sintdt 



t^" ^sintdt 



0{n 



2H-3\ 



(85) 



(2-2//) / 
= (2-2//)^/ t 

< (2 - 2H) f 
Jk 

(this is an alternating series). By applying (34), we deduce that 

(1 - 2H) / t^"~'^{\ - cos{nnt))dt = innf-'^"r(2H) sininH) - 1 + Oin''^), 
Jo 

so (79) with = \JpH imphes 

b'^ = p{nn)~^~^"r{2H + l)sm{nH) + 0{n~'^). (86) 
Similarly, if // > 1/2, then (85) again holds true and 

/ t^"~^ cos{nnt)dt = inny-^" ( t^"-^costdt + 0(n-^) 
Jo Jo 



= {7my-^"r{2H - 1) sin(7rff ) + 0(n-^) 
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and we deduce from (81) that we again have (86). By using our choice of p given in 
(51), we obtain in both cases 

„ r(-2H)r(2H+i) , , , , -x,, 

= (7r«)-2«-i(l + 0(„2«-3)) 
from (95). We deduce (83) by taking the square root. □ 

Remark 6.7. Considering the expansion (77) for = \fpR, replacing by the 
process 

fif = c^o? + £ (jrn)-'^-i/2((cos(;rnr) - 1)^„ + sin(;rnr)^;) 

for c > is equivalent to multiplying by cjc^^ and {^n,^n) by some (1 + 
0(n^^~^)) which remains strictly positive. We can compare the laws of these 
two sequences of independent Gaussian variables by means of Kakutani's criterion 
(Theorem C.4), and it appears that the laws of these two sequences are equivalent 
(£n^"~^ < °°)- Thus the laws of and are equivalent on [0, 1]. This implies 
that the law of 2^^ is equivalent on [0, 1 /2] to the law of Bf; actually, we will 
prove in Theorem 6. 13 that these two laws are equivalent on [Q,T] for any T < 1. 



6.2 Approximate expansions 



We now consider the processes 

m g . I V" /"e cos(2n7rf)-l , sin(2«;rO 
B, =^o^ + V2|^ (^^„ (2„;r)«+i/2 + ^« (2«;r)«+V2 J ' 

— (87) 
-s" _ /^V (P cos((2»+l)7rf)-l , sin((2n+l)7r0 n 
ko^ ((2n + l);r)«+i/2 {{2n + l)7t)"+y^J 

on [0, 1]. Notice that B^/^ ~ B^^^ ~ W from (8) and (9). On the other hand, it fol- 
lows from Theorem 6.1 that B^ 9^ B^ and B^ 9^ B^ for H ^ 1/2 (because one 
should have ^ in the expansion (77) of B^ for all large enough n), but we are 
going to check that these two processes have a local behaviour similar to B^ . The 
advantage with respect to the exact expansion (77) is that the sequence of random 
coefficients and the process will generate the same CJ-algebra. Then we will apply 
these approximations to some properties of the Cameron-Martin space Jifn (Sub- 
section 6.3), and to some equivalence of laws (Subsection 6.4). As it was the case 
for Riemann-LiouvUle processes, B^ and B are not only defined for < // < 1, 
but also for any H >0. 
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Let us compare and with for < // < 1. We use the operators /" and 
7" defined in (36) and (37). By projecting on the Gaussian spaces generated by 
and t,^ and by applying (35), we can write 



cos(2;rn; +{H-\ /2)n/2) - cos{{H - 1 /2)7t/2) 



„>i ^ 2;rn 

^sm{2nnt + {H- l/2)n/2)-sm{{H- l/2)n/2)\ 

^ ^« 2^ ) ■ 

(88) 

The two expressions (8) and (88) are related to each other by applying a rotation 
on the vectors so 7]/^ ^ and W have the same law. A similar property 

—1 /2 // // 

holds for /_,: B , and we can therefore write 

B"c^I^~-'b', b"c^i"~-'b', b1/2~B^/^~W. (89) 
We can give an extension of Theorem 5.1. 

Theorem 6.8. // is possible to realise jointly the processes B", X", B and B" so 
that the differences B" -X",^ - B" and S" - B" are CT on (0, 1]; moreover, the 
derivatives of order k of these differences are 0{t^~'^) in ast 

Proof We consider the coupling B" = I^~^^^W, X" = l"~^^^W, b" = I^'^^^W 

and B^ = ^^^W for the same W on M. The smoothness of B^ — X^ is proved in 
Theorem 5.1, and the estimation of the derivatives follows by a scaling argument. 
On the other hand, let W/ be equal to W; — W\t on [0, 1], extend it to M by periodicity, 
and define = Wi, for t > 0. Then, with the notation (73), 

Bf = wit+ 1^;"^ {Wt-wit)+ il-''^w^ 

= X," + Wi{t-r{H + 3/2)- + " V2 

The smoothness of B^ —X^ follows; the process is dominated in L^(i2) by 
min(v^, 1), so we deduce from (73) that 

Wd'^iI-^W < cj^^'it + sf-'-'/^^fsds = C't"-' 

for A: > 1. The study of B^ is similar; let be the process W on [0, 1] extended to 
IR so that the increments are 1-antiperiodic, and let W/^ = Wl^; then b" is equal to 
X" +l"~^^^W'^; the end of the proof is identical. □ 
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6.3 Application to the Cameron-Martin space 

Let J^H and J^h be the Cameron-Martin spaces of and on the time interval 
[0, 1]. It follows from (89) that = ^1/2 = =^1/2. and ^ = I^'-'J^as well 
as = 

Theorem 6.9. For <H <l, the spaces Mn, and are equivalent on [0, 1]. 

Proof. We compare successively Mb and Mr with J^([0, 1]), and use the prop- 
erties of this last space described in Remark 5.7. 

Proof of j^Ph ~ We know that = /2, so it is sufficient to establish 

that ' is a homeomorphism from ^/2([0, 1]) onto .^^([0,1]). To this end, 
we are going to prove that V^T^ is continuous from =^([0, 1]) into .^^([0, 1]) for 
< J,H < 1. Consider a function ^ of Jfj{[0, 1]), consider /iqCO = Ht) - ^(1)^ 
and extend it by periodicity. Then ho is generally not in but the oper- 

ator h ^ hi = /zol(_i^i] is continuous from ^([0,1]) into Jf/{R). Moreover, 
the operator hi = /jol(_oo-i] is continuous from J^j{[0,l]) into the space 
L°°((— oo, — 1]) of bounded functions supported by (— oo, — 1]. On the other hand, it is 
known that J^h — T+ '^'^j on M, and 7^^'' also maps continuously L°°((— oo, — 1]) 
into the space of smooth functions on [0,1], and therefore into ,i^([0, 1]). Thus 
h ^ Tl'-'h = J^'-'hi +J^'-'h2 is continuous from -if/([0, 1]) into ,i^([0, 1]). If 
we add the operator h i— )■ {h{\)t) which is also continuous, we can conclude. 

Proof of Mh ~ 'i^H- In this case, we let be the function h on [0, 1], extended 
to R so that the increments are 1-antiperiodic. We then consider hi = /Jol(-2,i] and 
h2 =/!ol (-00,-2]- The proof is then similar, except that we do not have the term/; (l)f 
in this case. □ 

Remark 6.10. In view of (7), a function /i is in the space J^h{^) if its derivative 
D^h (in distribution sense if H < 1/2) is in the homogeneous Sobolev space of 
order H — 1/2 (see for instance [31]); similarly, it follows from (87) that h is in 
J^^H is D'/z is in the Sobolev space of order H 1/2 of the torus M/Z. Thus the 
equivalence Jfn ~ ^^^h of Theorem 6.9 means that the Sobolev space on the torus 
is equivalent to the restriction to [0, 1] of the Sobolev space on M. This classical 
result is true because we deal with Sobolev spaces of order in (— 1/2, 1/2). 

Remark 6.11. We have from Theorems 5.4 and 6.9 that ^ ^ Jfn 

for any <H < 1 . Notice however that the comparison for instance of J^h and J^/^ 
cannot be extended to the case H > 1; in this case indeed, functions of Jf/j satisfy 
D^h{0) = 0, contrary to functions of Mk- 

Let us now give an immediate corollary of Theorem 6.9. 

Theorem 6.12. The sets of functions on [0, 1] 



Representation fomulae for the fractional Brownian motion 49 

t, n-^-i/2(l-cos(2nro)), rr"~'^l^?,m{2nnt), 

and 

„-ff-i/2(i_cos((2n + l)7r?)), n"'^"^/^sin((2n + l);r?), 

form two Riesz bases of Mk- A function h is in Mk is and only if it has the Fourier 
expansion 

h{t)-h(\)t = anCos{2nnt) + ^ j3„sin(27rnf) 

n>0 n>l 

with 



6.4 Equivalence and mutual singularity of laws 

We now compare the laws of , and viewed as variables with values in the 
space of continuous functions. 

Theorem 6.13. Let H ^1/2. The laws of the processes B^, B^ andB^ are equiva- 
lent on the time interval [0, T]ifT< 1, and are mutually singular ifT = \. 

Proof. We compare the laws of B^ and B^ . The study of B^ is similar. 

Proof of the equivalence for <T < 1. The increments of both processes are sta- 
tionary, so let us study the equivalence of sf = B^^, — and Bf = B^^, — B^ 
on [0,7'] for S = 1 ~T. From Theorem 6.8, we can couple B^ and B^ so that the 
difference is smooth on R^. Consequently, B^'^ —B^'^ is smooth on [0,T], so it 
lives in Jifk- Moreover, we have proved in Theorem 6.9 that the Cameron-Martin 
spaces of B^ and B^ are equivalent, so the same is true for the Cameron-Martin 
spaces of B^ '^ and B^'^ . The equivalence of laws then follows from Theorem C.5. 

Proof of the mutual singularity for T = I. Consider B^ on R. Our aim is to prove 
that the laws of the two processes 

(BfX-Btt) and (fif ,Bf -Bf_,) = (fif (fig -fif ,Bf ) 

are mutually singular on the time interval [0. 1/4]. The law of the first process is 
equivalent to a couple (fif ' ' ) of two independent fractional Brownian motions 
(see Theorem 5.10), and ^o+{B"'^ is almost surely trivial. On the other hand, 
from the first part of this proof, the law of the second process is equivalent to the 
law of {B21 —B^jBf'). We therefore obtain two self-similar processes which do not 
have the same law, so we deduce from Theorem C.13 that the laws are mutually 
singular. □ 

Remark 6. 14. It follows from Remark 6.7 that the law of B^ is equivalent on [0, 1] to 
thelawof (B^-h5^)/V2, where B^ and B are independent. We have now proved 
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that this law is equivalent separately to the laws of and B^, but only on [0, T] for 
7'< 1. 

Theorem 6.15. Let T >0. The distance in total variation between the laws of the 
processes (e^^B^,; Q <t <T) and {Bf; <t <T) is 0{e^~") aseiO. The process 
B^ satisfies the same property. 

Proof. As in Theorem 6. 13, let us compare the laws of 5^2,^ B^/^yH on [0, eT] 
for < e < 1/ (2r). It follows from Theorem C.5 that the entropy ^ of the former 
process relative to the latter one satisfies 

j^<CE|b1/2"^-B1/2,h|2 

IS |,_^„([o,er])- 

More precisely it is stated in Theorem C.5 that the constant C involved in this dom- 
ination property depends only on the constants involved in the injections of the 
Cameron-Martin spaces of BV2,ff and b'/2'^ on [0,er] into each other; but if we 
choose a constant which is vaUd for B^ and fi^ the time interval [0, 1] (Theorem 
6.9), then it is also vaUd for B^^^'" and bV2,h on [0, 1 /2], and therefore on the 
subintervals [0, eT] , < e < 1/ (27"), so we can choose C not depending on e. Thus 

from (74). The convergence in total variation and the speed of convergence are de- 
duced from (102). The proof for B^ is similar. □ 

Remark 6.16. We can say that the processes B^ and are asymptotically frac- 
tional Brownian motions near time 0. The processes B , B^ and B^ have stationary 
increments, so the same local property holds at any time. 

As an appUcation, we recover a result of [4], see also [2, 37] for more general 
results. Notice that the equivalence stated in the following theorem may hold even 
when the paths of B^ are not in J^j. 

Theorem 6.17. Let and B^ be two independent fractional Brownian motions 
with indices J <H, and let T >Q. Then the laws of {B\ -\- X B2', A > 0) are pairwise 
equivalent on [0, T] ifH >J+\/A. Otherwise, they are pairwise mutually singular. 

Proof It is sufficient to prove the result for 7" = 1 . 

Equivalence for H — J > 1/4. Let us prove that the laws of B\ and Bj -|- AB^, are 
equivalent. From Theorems 6.1 and 6.6, the process B\ can be written as (77) for 
independent standard Gaussian variables {^n,^n) and coefficients a;^ such that a;;^ ^0 
for any n. The process B^ can be written similarly with coefficients a^ and variables 
(tj„, Tj^). Thus B{ -|- ABf is the image by some functional of the sequence 

U^=ai{^n,0+?ia^{r]n,r]n), 
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and it is sufficient to prove that the laws of f/^ and are equivalent. This can be 
done by means of Kakutani's criterion (Theorem C.4) with = {a/^^ and = 
{aif + X\a'Jl)\Eni 



n>l y^nJ n>l 

from Theorem 6.6. 

Mutual singularity for <H — J < 1/4. Let us use the coupUng 

(0 < K < 1), for independent Wi on and W2 on R. By applying the operator 
-"0+ 



(jnl/^, we can write 



Go'|''^(B{ + ABf) (90) 
Let us now prove that the process inside the big parentheses Uves in We have 

/ 1 /2 1 /2 / 

checked in the proof of Theorem 5.3 that (GqY — ^+ )/ is differentiable on 
for any / in H"'^, so in particular for / = B^; the scaling property then enables to 
prove that the derivative is 0{t^--'-'^l^), so {G'^^\!^ - iI'^'-')b1 is in J^/2- Simi- 
larly, B2 —X2 is smooth, so Iq!^ —X2 ) is also smooth, and we deduce from 

the same scaUng property that it is in J^/2- Finally Xj^'^^^ ^ — ^2^^^ ''is also in 
from Theorem 6.8. Thus we deduce that the process of (90) is obtained from 

1^1+ A by means of a perturbation which lives in M\j2 and is independent 

of "Wx, so the two laws are equivalent. It is then sufficient to prove that the laws of 

Wi + A/Bj^'^^^"^ f'''" ^1 7^ ^2 are mutually singular. But these two processes can 
be expanded on the basis (f . 1 — cos(27rnf).sin(27rnf)); the coefficients are indepen- 
dent with positive variance; the variance of the coefficients on 1 — cos(2;rn/) and 
sin(2;rn;) is equal to 2(2;rn)~2-F2A?(2;rn)~^(^~''+i). As in the first step, we can 
apply Kakutani's criterion (Theorem C.4) and notice that 



.1.(1 



(A|-A2)(2;rn)-2(«--^+i) 



V (2;rn)-2 + A2(2;rn)-2(»--/+i) I 
so that the two laws are mutually singular. □ 
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Remark 6.18. For H >J and A > 0, the process + XB^ exhibits different scaling 
properties in finite and large time. It is locally asymptotically 7- self- similar, whereas 
it is asymptotically i/- self- similar in large time. 

Another application is the comparison with of a fractional analogue of the 
Karhunen-Loeve process (10) proposed in [1 1]. 

Theorem 6.19. Consider the process 

TH_^/^yr. sin((n + l/2)7r0 

for independent standard Gaussian variables Then the laws of L^j_^ ^ ^"'^ 
B" are equivalent on [0, T — S] for < S < T < I. On the other hand, these laws 
are mutually singular ifS = QorT = \. 

Proof. We deduce from Theorem 6.13 that the laws of '^"d ^re equivalent 
on [0,2r] for T < 1, and therefore on [—T,T] (the two processes have stationary 
increments). Thus {Bf - B?,)/ v^, which has the same law as 2^-i/2(b«2 -B?f/2). 
has a law equivalent on [0, T] to the law of 

2 /(V-^-V2)=2 L^«((2n + l);r)«+V2-^- 

so we have the equivalence of laws 

Lf ~(Bf-B?,)/^/2 (91) 

on [0, r]. Moreover, we deduce from Remark 5.11 that the increments of the right 
hand side of (91) on [S, T\ are equivalentto the increments of B^ , and this proves the 
first statement of the theorem. For the case 5 = 0, we have also noticed in Remark 
5.11 that the laws of the right hand side of (9 1 ) and of B^ are mutually singular. For 
the case T 1 , we have to check that the laws of Lj^ — L'(_j and of B^ are mutually 
singular on [0, 1 — 5]. We have 

-^l-t =2^ ^^^(■Bl/2-B(l-;)/2--B_i/2+B^-l)/2) 

= 2*~^/^ (2Bf/2 - ■Bfi_f)/2 - Bfi+f)/2) 

where we have used the fact that the increments of B^ are 1-antiperiodic and sta- 
tionary. But the law of this process is mutually singular with the law of B^ by again 
applying Remark 5.11. □ 
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We now explain some technical results which were used throughout this article. 
A An analytical lemma 

The basic result of this appendix is the following classical lemma, see Theorem 1.5 
of [35]. 

Theorem A.l. Consider a kernel K(t,s) on M+ x M-|- such that 

K{Xt,Xs)=K{t,s)/X (92) 

for A > 0, and 

r 

Jo y/s 

Then K : f ^ j K{.,s)f{s)ds defines a continuous endomorphism ofL^. 
Proof. For / nonnegative, let us study 

E{f) = (^j^ \K{t,s)\f{s)ds)'dt = (^j^ \K{\,s)\f{ts)ds)''dt 

= jjj \K{l,s)\\K{l,u)\f{ts)f{tu)dsdudt 

from the scaUng property (92) written as K{t,s) = K{\,s/t)/t. We have 

j f{ts)f{tu)dt < 11/11^2/v^, 

so 

\K{1,S)\ ^2 



E(f)<\\f\\l,[j ■ 



-ds 



If now / is a real square integrable function, then Kf{t) is well defined for almost 
any t, and 

poo 

I Kf{tfdt<E{\f\)<C\\f\\l,. 

□ 

Theorem A.2. On the time interval R+, let 

A : {h{ty, t>0)^ {Ah{t); t > 0) 

be a linear operator defined on H^/^ ( the space of 1 /2-Hdlder continuous functions 
taking the value OatO) such thatAh{0) = 0. We suppose that 
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Aih;,) = {Ah)x forhx{t)=h{Xt). (93) 

We also suppose that Ah is dijferentiable on and that h ^D^Ah{\) is continuous 
on H^/-^. Then A is a continuous endomorphism of the standard Cameron-Martin 
space Mxji = 

Proof. On ,2, the linear form h i-)- D^AhiV) takes the formZ)^Aft(l) = (a,/j) ^j^^ 
for some a in M'xj2, so 

D'Ahif) = jD^{Ah)t{l) = jD^Ahtil) = -^{a,ht)^ii2 = \ j D^a{s)D^h,{s)ds 
= J D^a{s)D^h{ts)ds = j K{t,s)D^h{s)ds 

for 

K{t,s)=D\{s/t)/t. 
Then K satisfies the scaling condition (92), and 

j \^^l^ds<sup{{a,h)j^,,rheM[/2, \D'h{s)\ < l/^s} 



< sup|£)U/i(l); h{Q) = 0, \h{t) - h{s)\ < 2^^^} 



<^ 00 



since h 1— t- D'A/z(1) is continuous on H^/'^. Thus we can apply Theorem A.l and 
deduce that D^AIq_^ is a continuous endomorphism of L?, or, equivalently, that A is 
a continuous endomorphism of /2 • n 



B Variance of fractional Brownian motions 

We prove here a result stated in Subsection 4.1, more precisely that if is given 
by the representation (49) with K given by (50). then the variance p of satisfies 
(51). We also prove that the variance of fif given by the spectral representation (7) 
is the same. 

Theorem B.l. The variance ofBf defined by (49) is given by 

p = i^^^^^B{2-2H,H+l/2) (94) 

for the Beta function 

B{a,l5)= [\"'\l-tf-^dt, a>0,j3>0. 

Proof. For ? > 0, by decomposing the right-hand side of (49) into integrals on [0,t] 
and on M_, we obtain 
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with 

<P{t)^ j^({t+x)"-'l^-:<"-'l^)\x. 
We can differentiate twice this integral and get 

<^'{t) = {2H- \)j^{{t+xf''-^-{t+xf-'l^^-'l')dx, 

(p"(t) = (2H-l)(2H-2) r{t+xf"-^dx 
Jo 

poo 

-{2H-\){H-3/2) / {t + x)"-^l^}fl-^l^dx 
Jo 

/-V2(3;_1)H-1/2J3, 

= -{2H- iy"~^-{2H- l){H-3/2y"-^ j^^^'^^j^ 
by means of the changes of variables x = t{y—l) and y = l/z. Thus 

(j)"{t) = {2H- iy"-^(^-l + {3/2-H)B{2-2H,H+l/2)y 

We integrate twice this formula, and since (p{t) and are respectively propor- 
tional to and f"'^, we obtain (94) by writing K^((j){l) + 1/(27/)). □ 

By applying properties of Beta and Gamma functions 

B(a,j3)=r(a)r(j3)/r(a + j3), 

r{z + l) = zr{z), r{z)r{l-z) = n/sin{nz), 

where F is defined on C \ Z_, we can write equivalent forms which are used in the 
literature, 

_ ^3/2-H r{2-2H)r{H+l/2) 
^~ 2H r{5/2-H) 



1 r{2-2H)r{H+l/2) 



2H{\/2-H) r{\/2-H) 
= K^ cos(7rH) 2 
nH{\~2H) ^ J \ -r / J 

= -2K^''-2&lr{-2H)r{H + 1/2)2 

where, except in the first line, we have to assume H ^ 1/2. Thus if we choose 
K = k{H) = r{H + l/2)~^ as this is done in this article, then p is given by (51). 
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If now we consider the spectral representation (7), then 




sini'Ji 



by integration by parts. If < 1 /2, an application of (34) shows that this variance is 
again given by (51); if // > 1/2, the same property can be proved by using another 
integration by parts, and the case H =1/2 can be deduced from the continuity of 
the variance with respect to H. 

Remark B.2. The variance of the spectral decomposition can also be obtained as 
follows. The process given by (7) can be written as the real part of 



The isometry property of the Fourier transform on enables to check that B^l'^''^ 
has the same law as W ' + iW^, so in particular Z?'/^ is a standard Brownian motion. 

Following Theorem 4.1, the general case H ^ 1/2 is obtained by applying /_,_ ' 
toBV2,C(use (34)) 



C Equivalence of laws of Gaussian processes 

Our aim is to compare the laws of two centred Gaussian processes. It is known 
from [10, 15, 16] that their laws are either equivalent, or mutually singular (actually 
this is also true in the non centred case), and we want to decide between these two 
possibiUties. In Subsection C.l, after a brief review of infinite dimensional Gaus- 
sian variables, we explain how the Cameron-Martin space (or reproducing kernel 
Hilbert space) can be used to study this question. In particular, we prove a sufficient 
condition for the equivalence. Then, in Subsection C.2, we describe a more compu- 
tational method which can be used for self-similar processes to decide between the 
equivalence and mutual singularity. 



C.l Cameron-Martin spaces 

A Gaussian process can be viewed as a Gaussian variable W taking its values in an 
infinite-dimensional vector space W, but the choice of W is not unique; in order to 
faciUtate the study of W, it is better for W to have a good topological structure. This 
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is with this purpose that the notion of abstract Wiener space was introduced by [14]; 
in this framework, is a separable Banach space. However, more general topolog- 
ical vector spaces can also be considered, see for instance [3]. Here, we assume that 
>^ is a separable Frechet space and we let be its topological dual. The space W 
is endowed with its Borel c-algebra, which coincides with the cylindrical f7-algebra 
generated by the maps w ^ ^(w), I e W*. A W -valued variable W is said to be cen- 
tred Gaussian if £{W) is centred Gaussian for any £ € W*; the closed subspace of 
L?{Q) generated by the variables £{W) is the Gaussian space of W. The Fernique 
theorem (see Theorem 2.8.5 in [3]) states that if | . | is a measurable seminorm on W 
(which may take infinite values) and if \W\ is almost surely finite, then exp(A | Wp) 
is integrable for small enough positive A. 
For hinW, define 

with the usual convention 0/0 = 0. Then = {/;; \h\,^ < is a separable Hilbert 
space which is continuously embedded in W and which is called the Cameron- 
Martin space of W; it is dense in W if the topological support of the law ofW is 
It can be identified to its dual, and the adjoint of the inclusion i : Jif W isa map 
i* : W* — > with dense image such that 

{t\€),h)^=l(h), (j*(A),»*(^2))^ = E[£i(W)£2(W^)]. (98) 

Consequently, the map (. n> can be extended to an isometry between and 
the Gaussian space of W, that we denote by (W, H) ^ (though W does not live in 
Jf ); thus = and 

E[(W,/!).,r = {h^').^. (99) 

The variable (W, h) ^ is called the Wiener integral of h. 

Example C.l. When considering real continuous Gaussian processes, the space W 
can be taken to be the space of real- valued continuous functions with the topology 
of uniform convergence on compact subsets. The most known example is the stan- 
dard Brownian motion; its Cameron-Martin space is the space of absolutely 
continuous functions h such that h{Q) =0 and D^h is in L^. 

Remark C.l. Let W be the space of real-valued continuous functions. The coordi- 
nate maps tt{a) = (o{t) are in W* and the linear subspace generated by the vari- 
ables £t{W) = Wt is dense in the Gaussian space ofW; equivalently, the space is 
generated by the elements On the other hand, we deduce from (98) that 

i*{£,) : s ^ £s{i*{£t)) = {r*{£s),fmj^ = nWsW,]. 

Thus, if we denote by C{s,t) = ¥,[WsWt] the covariance kernel, then Jif is the closure 
of the linear span of the functions = C(?, .) for the inner product 
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{C{s,.),C{t,.))^=C{sj). 



This relation is called the reproducing property, and is the reproducing kernel 
Hilbert space of C(.,.). This technique can also be used for non continuous pro- 
cesses, see for instance [36]. 

Remark C.3. Another viewpoint for the Wiener integrals when W = (Wt ) is a contin- 
uous Gaussian process is to consider the integrals / f{t)dWt for deterministic func- 
tions /. This integral is easily defined when / is an elementary (or step) process, 
and we can extend by continuity this definition to more general functions. With this 
method, we obtain variables which are in the Gaussian space of W, but we do not 
necessarily obtain the whole space, see the case of the fractional Brownian motion 
B^when//> l/2in[34]. 

Let Wi and W2 be two centred Gaussian variables with values in the same space 
W, with Cameron-Martin spaces and Ji^. It follows from (97) that Jifi is con- 
tinuously embedded in if and only if 



for any £eW*. 

Let and be separable Frechet spaces, let W be a -valued centred 
Gaussian variable with Cameron-Martin space \ and let A : W"^ be a 

measurable linear transformation which is defined on a measurable linear subspace 
of supporting the law of "W . Then AW is a centred Gaussian variable. If A is 
injective on Jf \ then the Cameron-Martin space of M is Jf ^ = A{M'^). This 
explains how the Cameron-Martin space i^u of the fractional Brownian motion 
can be deduced from M'\i2\ one applies the transformations ''^^ (Theorem 

1 /2 // 

4.1) or GqI^ ' (Theorem 4.3). On the other hand, if A is non injective, one still has 
2 = A ( ' ) and the norm is now given by 



In particular |A/j|^j < \h\M-^. If A = on ^1, then Al^ = 0. 

We now consider the absolute continuity of Gaussian measures with respect 
to one another. This notion can be studied by means of the relative entropy, or 
KuUback-Leibler divergence, defined for probability measures \i\ and \i2 by 



if \i2 is absolutely continuous with respect to and by +°o otherwise. This quantity 
is related to the total variation of — Mi by the Pinsker inequality 



i^\)\^<CY{^2)\^ 



(100) 



1/12^2 = inf{ l^^i ; A(/!i )= /!2} . 



(101) 





(102) 
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The Cameron-Martin theorem enables to characterise elements of amongst 

elements of W . More precisely, h is in if and only if the law of W + /; is abso- 
lutely continuous with respect to the law of W . Moreover, in this case, the density is 
exp((lV,/z)^-|/z|y2).Thus 

^(M',M) = ^(M,M') = |/j|5r/2 

when \i and \i' are the laws of W and W + h. 

The transformation W i-)- W + /z of the Cameron-Martin space can be generalised 
to random h. If we add to W an independent process X taking its values in Jf, it is 
easily seen by working conditionally on X that the laws of W and W +X ctre again 
equivalent. Moreover, the law of {W +X,X) is absolutely continuous with respect 
to the law of (W,X), with a density equal to exp((W,X) ^ — |X|^/2), and relative 
entropies of the two variables with respect to each other are equal to jEjXl^. By 
projecting on the first component, it follows from the Jensen inequality that the 
relative entropy cannot increase, so 

max{.y{ii',ii),.y(ii,ii')) < E|X|^/2 (103) 

when fi and jJ.' are the laws of W and W +X. 

When W = (Wn) and W = {W„) are two sequences consisting of independent 
centred Gaussian variables with positive variances, then the equivalence or mutual 
singularity of their laws can be decided by means of Kakutani's criterion [23]. This 
criterion is actually intended to general non Gaussian variables; when specialised to 
the Gaussian case, it leads to the following result. 

Theorem C.4. Let W = (W„) and W = {W„) be two sequences of independent cen- 
tred Gaussian variables with variances C7^ > and > 0. Then the laws ofW and 
W are equivalent if and only if 

x:(| ('04) 

Returning to general Gaussian variables, we now give a sufficient condition for 
the equivalence of W and W ^X where W and X are not required to be independent. 
This result has been used in the proof of Theorem 6. 13; it can be deduced from the 
proof of [lOJ, but we explain its proof for completeness. 

Theorem C.5. Let be a centred Gaussian variable with values in W x Jf, 

where W is a separable Frechet space, and is the Cameron-Martin space ofW; 
thus W -\-X is a Gaussian variable taking its values in W ; let M" be its Cameron- 
Martin space. 

• The space is continuously embedded in Jf. 

• If moreover is continuously embedded in J^/f' (so that ^ -J^'), then the 
laws ofW and W -\-X are equivalent. Moreover, the entropy of the law ofW -\-X 
relative to the law ofW is bounded by CE|X|^, where C depends only on the 
norms of the injections ofJif and Jif' into each other. 
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Proof. We have to compare the laws of G #'*) and {e{W +X),e G W). 

Since |X| jf is almost surely finite, it follows from the Fernique theorem that 
has an exponential moment and is in particular integrable, so ^{X) = («*(£), X) ^ is 
square integrable. Thus 

||^(W+X)||2< ||^(W)||2 + C|/*(^)|^^. < (C+1)||£(W)||2 

and the inclusion C -3^ follows from (100). Let us now suppose ~ ', so 
that, by again applying (100), 

Ci||£(iy)||2< ||^(W+X)||2<C2||^(iy)||2 (105) 

for positive C\ and €2- Let us first compare the laws of the families {t(W +X); I G 
#1*) and (^(W); I e W^) for a finite-dimensional subspace of We have 

>ro* = {^G^*; ||£(iy)||2 = 0} = {£G^*; ||£(iy+X)||2 = 0} 

and it is sufficient to consider the case where y^*n = {0}. Then \i\ = \\£(W)\\2 
and = \\i{W +X)\\2 define two Euchdean structures on W^, and it is possible 
to find a basis {£„; 1 < n < N) which is orthonormal for the former norm, and 
orthogonal for the latter norm. We have to compare the laws jJ.^ and jJ.'^^ of = 
{in{wy, I < n<N) and Uj^ = {i„{W+xy, l<n<N). The vectors Un and Uj^ 
consist of independent centred Gaussian variables; moreover, f/„ has variance 1, 
and it follows from (105) that Uj^ has a variance satisfying Ci < < C2. We 
deduce that 

^iHN,HN) = ^ I (c^' - 1 - lnc7„^) < C f (a^ - l)^. 

n=l «=1 

But 

1 /2 

a^-l=2E[e„{W)£„iX)]+E[{eniX)f] < c(E[(4(X)f] ) (106) 
(we deduce from < C2 that the variances of £n{X) are uniformly bounded), and 

^(M;,M^)<cf e[(4(X))2] = cf E[(r(4),X)^] <CE|X|2^ 

n=l n=l 



because i*{£„) is from (98) an orthonormal sequence in J^. Thus the entropy of the 
law of {i(W+xy, eeW^*) relative to (£(1^); £ G is bounded by an expression 
CE\X\^ which does not depend on the choice of the finite-dimensional subspace 
y^j*. This implies that the law in 5^ of W is absolutely continuous with respect 
to the law of W, and that the corresponding relative entropy is also bounded by this 
expression. □ 
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Remark C.6. The condition about the equivalence of Cameron-Martin spaces cannot 
be dropped in Theorem C.5, see the counterexample of the Brownian motion W = 

{Wt)3ndX, = -tWi. 

Remark C.7. If and X are independent, then 



so C M" is automatically satisfied. Moreover the estimation (106) is improved 
and we have E(X,/!„)^ instead of its square root. This explains why the laws of 
W and W +X can be equivalent even when X does not take its values in J^; when 
W and X consist of sequences of independent variables (and assuming again that 
~ M"), this improvement leads to the condition (104). 

Remark C.8. More generally, for the comparison of two centred Gaussian measures 
H and jj.' on a separable Frechet space W, a necessary condition for the equivalence 
of n and n' is the equivalence of the Cameron- Martin spaces and Jf'. If this 
condition holds, there exists a homeomorphism Q of Ji^ onto itself such that 



Then n and jl' are equivalent if and only if 2 — / is a Hilbert-Schmidt operator. 



C.2 Covariance of self-similar processes 

Consider a square integrable 7/- self- similar process for // > 0; we now explain that 
if it satisfies a 0-1 law in small time, then its covariance kernel can be estimated by 
means of its behaviour in small time; this is a simple consequence of the Birkhoff 
ergodic theorem. 

Theorem C.9. Let (S,; t >0) be a H -self-similar continuous process, and suppose 
that its filtration is such that ^o+{E) is almost surely trivial. Define 



Then for any measurable functional f on the space of continuous paths such that 
/(S) is integrable. 



\\m+n^2=\\m)\\lHm\\l>\\m\\l 



{h\M).%" = {hi.Qhi)^^. 



drZ{t)=e'''Z{e-'t), 



—oo < r < +00. 




(107) 



almost surely. In particular, if E = {E^ ,. . . is square integrable. 




(108) 
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Proof. One has OrBri = Or+ri, so [Or) is a family of shifts. Moreover, the //-self- 
similarity of the process E is equivalent to the shift invariance of its law. Events 
which are -invariant are in (S) which is almost surely trivial, so the ergodic 
theorem enables to deduce (107). Then (108) is obtained by taking /(S) = S^Sy 
and by applying the change of variable r = log(l/i) in the integral. □ 

Remark C.IO. By using the Lamperti transform defined in (46), the family (dr) is 
reduced to the time translation on stationary processes. 

Remark C.ll. In the centred Gaussian case, the law is characterised by the covari- 
ance kernel, so Theorem C.9 implies that the whole law of S can be deduced from 
its small time behaviour. The result can be appUed to fractional Brownian motions 
of index < H < 1 ; by applying the canonical representation of Section 4, one has 
indeed ^o+{B^) = ^q+{W) and this cr-algebra is well-known to be almost surely 
trivial (Blumenthal 0-1 law). A simple counterexample is the fractional Brownian 
motion of index H — I; this process (which was always excluded from our study of 
B^) is given by Bj =tBi for a Gaussian variable Bi ; the assumption about (S) 
and the conclusion of the theorem do not hold. 

Remark C.ll. In the Gaussian case, (108) is a simple way to prove that the law of S 
can be deduced from its small time behaviour. There are however other techniques, 
such as Corollary 3.1 of [1] about the law of iterated logarithm. 

Theorem C.13. Let E and T be two centred continuous H-self-similar Gaussian 
processes on [0, 1], such that (S) is almost surely trivial. Then the two processes 
either have the same law, or have mutually singular laws. 

Proof. Gaussian measures are either equivalent, or mutually singular, so suppose 
that the laws of E and T are equivalent. The process E satisfies (108), so 

EKSi?]=lim— ^ / -^ds. 

Moreover, the right hand side is bounded in LP{Q) for any p, so we can take the 
expectation in the Umit, and it follows from the self- similarity of Y that 

Thus E and Y have the same law. □ 

A counterexample of this property is again the fractional Brownian motion with 
index H = 1. Processes corresponding to different viiriances p = E[(Bi )^] > have 
equivalent but different laws. 
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